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PREFACE 
Over the next few years various Tasks of the Resources and Environment 
(REN) Area at IIASA will concentrate on  selected ~ r o b l e m s  of water re- 
sources management, ecology, and environmental quality control. Aspects 
of water resources management have been studied at IIASA since its 
inception, although only-recently has the scope of these studies been 
extended t o  include more detailed analysis of the quality of water re- 
sourcrs. One of the objectives of the current Task 2 of Resources and 
Environment. "Models for Environmental Quality Control and Manage- 
ment." is the development and application of models for analyzing the 
impact of waste discharges on the hydrophysical and ecological processes 
taking place in aquatic environments. 
This paper, one of the first to report on the activities of Task 2, is con- 
cerned with the subject of river water quality model development. The 
paper summarizes and compares earlier extensive analyses of experimental 
time-series field data from a lowland river in England. In this latter sense 
" 
the paper stands between publications originating from other past and 
prospective IIASA studies: the forthcoming McGraw-Hill publication 
Modelling. and Control o f  River Ouality discusses in detail some of the 
" 
results presented here-the book is a product of a project jointly supported 
by the  Centro Teoria dei Sistemi CNR, Milan, Italy, and IIASA; secondly, 
the summarizing nature of the paper overlaps &th Task 2's objectives 
for the  preparation and publication of a survey of water quality modeling. 
Some of the reasons for Task 2's state-of-the-art survey include the  desire 
to  clarify the capabilities of water quality models and t o  accelerate the 
transfer of existing modeling technologies. It is not the intention of this 
paper to  assist in the transfer of a packaged software for water quality 
models, even though a number of computational notes are included and, 
in principle, the models are ready for management applications. Rather, 
we hope that  this paper will facilitate the transfer of field data for the 
evaluation of water quality models. And we hope that  the field data will 
prove t o  be educational in the  development of software and algorithms for 
identification and parameter estimation, since these are some of the basic 
tools of systems analysis in model building. 
The subject of model applications in the context of operational river 
basin management is discussed in Beck ( 1 9 7 8 ~ ) .  

SUMMARY 
From recent IIASA workshops on water quality modeling a need can be 
identified for comparative studies of different model types against the same 
set of field data. Similarly, some of the motivation for a state-of-the-art 
survey on  water quality modeling t o  be prepared under the auspices of 
IIASA stems from the desire t o  bring order and authenticity t o  a fast- 
developing field of technology. The problem is as follows: although models 
can be readily applied in management and decisionmaking, they are not 
always so readily subject to  a prior verification against field data from the 
river system. One reason underlying this problem is that  the relevant field 
data, with a sufficiently high sampling frequency and collected over a 
sufficiently long period, either do not exist or have not been publicized. 
The primary objective of this paper is the dissemination of a set of time- 
series field data suitable for the identification and verification of dynamic 
models for water quality. Here water quality is interpreted as the interac- 
tion between three variables: dissolved oxygen (DO) concentration-a 
broad measure of the healthy state, or otherwise, of a river; biochemical 
oxygen demand (BOD) concentration-a macro-measure of typical munici- 
palldomestic organic waste materials; and a population of algae. A 
secondary objective is the comparison, by means of response error stat- 
istics, of several models that have been derived by reference to  the field 
data. And yet a third objective is to  present a summarizing and conclud- 
ing statement on river water quality model development exercise which 
spans various publications over the past four or five years. 
With respect t o  model comparison and model assessment the paper con- 
cludes with a cautionary message on the use of simple fitting error statistics; 
and, in any case, it is argued that judgments about the "best" model are 
dependent upon the intended application of the model. On the accuracy 
of the models as representations of the real system it is found that many 
questions remain unresolved, and particularly so for those aspects of the 
models related to  the growth kinetics, death, and decay properties of 
floating algal poprrlations. The hope is expressed that, given the data, 
others will be stimulated not only to answer these questions but also to  
reassess the assumptions that the paper makes concerning the mixing and 
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1 .  INTRODUCTION 
Over t h e  p a s t  t e n  y e a r s  many models f o r  r i v e r  w a t e r  q u a l i t y  
have been d e v e l o p e d .  A s u b s t a n t i a l  p r o p o r t i o n  o f  t h i s  model ing 
e f f o r t  h a s  been concerned  w i t h  u n d e r s t a n d i n g  and q u a n t i f y i n g  t h e  
r e l a t i o n s h i p s  between s t r e a m  d i s s o l v e d  oxygen (DO)  c o n c e n t r a t i o n  
and b i o c h e m i c a l  oxygen demand (BOD) c o n c e n t r a t i o n .  R e c e n t l y  
t h e s e  DO-BOD models have been e x t e n d e d  t o  embrace more d e t a i l e d  
r e l a t i o n s h i p s  between v a r i o u s  e c o l o g i c a l  c o n s t i t u e n t s  t h a t  c h a r a c -  
t e r i z e  t h e  q u a l i t y  o f  a  w a t e r  body, t h u s  p r o v i d i n g  t h e  p o t e n t i a l  
f o r  more s o p h i s t i c a t e d  a s s e s s m e n t s  o f  t h e  impact  of w a s t e  d i s c h a r g e s  
on a n  a q u a t i c  env i ronment .  Not a l l  o f  t h e  models p roposed  s o  f a r ,  
however,  have  had t h e  b e n e f i t  of b e i n g  v e r i f i e d  a g a i n s t  f i e l d  d a t a ;  
t h u s  any d e c i s i o n  maker o r  manager r e q u i r i n g  t h e  a p p l i c a t i o n  of a  
w a t e r  q u a l i t y  model migh t  j u s t i f i a b l y  be s c e p t i c a l  and confused  a t  
t h e  v a r i e t y  o f  models a v a i l a b l e  t o  him. 
The purpose  o f  t h i s  p a p e r  is  t o  o f f e r  a  v e h i c l e  f o r  such model 
v e r i f i c a t i o n  and model comparison s t u d i e s  t h r o u g h  t h e  p u b l i c a t i o n  
o f  a  s u i t a b l e  set  o f  f i e l d  d a t a .  A s e c o n d a r y  aim of t h e  p a p e r  is  
t o  c a t a l o g u e  a  number o f  models t h a t  have been d e r i v e d  by r e f e r e n c e  
t o  t h i s  f i e l d  d a t a  set  and hence  t o  c o n c l u d e  a  p r o j e c t  t h a t  h a s  
now been e x t e n d e d - - q u i t e  beyond i t s  o r i g i n a l  e x p e c t a t i o n s - - t o  a  
p e r i o d  of some f i v e  y e a r s .  From t h e  models p r e s e n t e d  it w i l l  be 
e v i d e n t  t h a t  t h e r e  is  a  s i g n i f i c a n t  g a p  i n  t h e  a n a l y s i s .  No form 
of  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  a d v e c t i o n - d i f f u s i o n  model h a s  
been t e s t e d  w i t h  t h e  d a t a ,  and it i s  hoped t h a t  o t h e r s  w i l l  be 
encouraged  t o  comple te  t h i s  s e c t i o n  o f  t h e  a n a l y s i s .  S i n c e  t h i s  
l a t t e r  c l a s s  of models i s  q u i t e  g e n e r a l  i n  n a t u r e  it would s e e m  
t o  b e  a  s t r a i g h t f o r w a r d  m a t t e r  t o  deduce t h e  c o n d i t i o n s  n e c e s s a r y  
f o r  t h e i r  a p p l i c a t i o n  t o  t h e  r e a c h  of  r i v e r  i n  q u e s t i o n .  
The f o r m a t  o f  t h e  p a p e r  i s  a s  f o l l o w s .  S e c t i o n  2  b r i e f l y  
d e s c r i b e s  t h e  c h a r a c t e r i s t i c s  o f  t h e  d a t a  and r i v e r  system.  The 
d a t a  compr i se  a  set of  t i m e  s e r i e s  f o r  d a i l y  sampled v a l u e s  o f  
DO c o n c e n t r a t i o n ,  BOD c o n c e n t r a t i o n ,  d i s c h a r g e ,  t e m p e r a t u r e ,  and 
s u n l i g h t  c o n d i t i o n s ;  t h e y  r e f e r  t o  a  s h o r t  s t r e t c h  ( 4 . 5  km) of  
t h e  R i v e r  Cam i n  England f o r  t h e  summer p e r i o d  of 1972. S e c t i o n  3 
complements s e c t i o n  2  by d e f i n i n g  t h e  n a t u r e  and n o t a t i o n  o f  t h e  
c l a s s e s  o f  models  t o  be a n a l y z e d  and by f o r m a l i z i n g  a  s i m p l e  s t a t i s -  
t i c a l  c r i t e r i o n  f o r  model comparison.  A t  t h i s  p o i n t  t h e  a s s u m p t i o n s  
u n d e r l y i n g  t h e  d e r i v a t i o n  of ordinary d i f f e r e n t i a l  e q u a t i o n  forms 
f o r  dynamic models o f  DO-BOD i n t e r a c t i o n  a r e  r e s t a t e d  (see a l s o  
Beck and Young, 1 9 7 5 ) .  These a s s u m p t i o n s  a r e  a n  i m p o r t a n t  d i s t i n -  
g u i s h i n g  f e a t u r e  o f  t h e  model ing approach  t h a t  h a s  been adopted .  
Broad ly  s p e a k i n g  t h e r e  a r e  two c l a s s e s  of models o f  i n t e r e s t ,  
namely i n t e r n a l l y  d e s c r i p t i v e  ( m e c h a n i s t i c )  models ,  examples  o f  
which are given in section 4, and black box (input/output) models, 
examples of which are given in section 5. A discussion of model 
structure identification and parameter estimation for each indi- 
vidual model, however, is not included; nor is there any discus- 
sion of model application (e.g., in operational control situa- 
tions), and interpretations on the significance and forms of the 
models are kept to a minimum. Section 6 of the paper summarizes 
some potentially controversial issues connected with the data and 
modeling studies and poses certain open questions: questions on 
the method of model assessment and on the biochemical/ecological 
accuracy of the models. Although "fitting error" statistics are 
defined and used throughout the paper, no conclusion is made 
about which is the "best" model, since this kind of judgment 
depends strongly upon the objectives for the intended application 
of the model. 
The field data are listed in Appendix 1. Other appendixes 
contain data on the geometry of the river, additional estimation 
results and statistics, a description of the simulation of a 
time-variable transportation delay function, and an abbreviated 
directory of previously published material supporting, inter- 
preting, and applying the results of the main body of the text. 
2. INTRODUCTORY DESCRIPTION OF THE RIVER SYSTEM AND FIELD DATA 
The River Cam, a tributary of the Great Ouse River, flows 
approximately southwest to northeast across eastern England 
(see Figure 1 ) .  The upper reaches of its catchment area are pre- 
dominantly chalky and by the time the Cam passes through Cambridge 
it is already a slowly moving lowland river. Upstream of Cambridge 
the river carries a light loading of treated industrial (pharma- 
ceutical, fertilizer production) and municipal effluent but is 
still considered suitable for bathing and recreational purposes. 
Just downstream of Cambridge the city discharges its sewage to 
the river and for some distance thereafter the stream water quality 
is substantially degraded. The sewage receives both primary and 
secondary treatment prior to discharge. 
Figure 2 shows the precise definition and location of the 
experimental reach of river with respect to the sewage outfall. 
Attached weed and plant growth in this section of the river is 
significant, although the growth is frequently cropped during the 
summer for reasons of the considerable use made of the river by 
pleasure craft. The whole of the Cam's subcatchment is an inten- 
sive agricultural area. The land adjacent to the stret.ch of 
river in Figure 2 can be classified as fenland and is drained by 
a system of dykes whose water is from time to time pumped up into 
the river. One such dyke is situated about 30 m downstream of the 
lower weir in Figure 2. From the physical character of the system, 
therefore, significant local surface runoff or seepage into the 
river is unlikely; in addition no major tributary joins the river 
between the two weirs of Figure 2. 
Figure I .  1,ocation of the study reach on the River Cam. (Inset shows position of 





I 1 k DEFINEDSYSTEM 
Figure 2. Schematic definition of the study reach showing the location 
of the effluent discharge from Cambridge Sewage Works. 
With r e s p e c t  t o  o b t a i n i n g  measurements t h a t  g i v e  a  r e a s onab ly  
c l e a r  p i c t u r e  of DO-BOD i n t e r a c t i o n  dynamics,  t h e  d e f i n e d  sys tem 
has  s e v e r a l  advantages :  
- The i n p u t  o f  sewage works e f f l u e n t  e n s u r e s  t h a t  t h e  
system i s  s u i t a b l y  " e x c i t e d "  ( i . e . ,  v a r i a t i o n s  i n  DO 
and BOD c o n d i t i o n s  can be  observed  which a r e  n o t  a t t r i b -  
u t a b l e  t o  e i t h e r  measurement e r r o r  o r  chance  d i s t u r b a n c e  
of t h e  s y s t e m ) .  
- The c r i t i c a l  c o n d i t i o n s  of  DO-sag o f t e n  occu r  i n  r e a c h e s  
of r i v e r  immediately downstream of  e f f l u e n t  o u t f a l l s  and ,  
i n  t h i s  p a r t i c u l a r  r i v e r ,  f i s h  k i l l s  have been r e p o r t e d  
d u r i n g  p e r i o d s  of  low DO l e v e l s .  
- The w e i r  below t h e  e f f l u e n t  d i s c h a r g e  p o i n t  a i d s  t h e  
assumpt ion  o f  comple te  mixing of  t h e  e f f l u e n t  w i t h  t h e  
s t r e am a s  it e n t e r s  t h e  d e f i n e d  system. 
- The s h o r t  r e a c h  between t h e  upper  w e i r  and t h e  upper  s y s -  
t e m  boundary i s  a  p r e c a u t i o n  a g a i n s t  o b s c u r i n g  t h e  mea- 
surements  o f  DO by e n t r a i n e d  bubb l e s  and o t h e r  l o c a l i z e d  
f l u c t u a t i o n s  r e s u l t i n g  from t h e  a c t i o n  of t h e  w e i r .  
The comple te  set  of f i e l d  d a t a  ( s e e  Appendix 1 )  c o n s i s t s  o f  
81 d a i l y  sampled v a l u e s  f o r  each  v a r i a b l e ;  t h i s  c o v e r s  t h e  p e r i o d  
from June 6 t h  u n t i l  August 25 th ,  1972. The measurement t e c h n i q u e  
used for each variable and data specifications are summarized 
in Table 1 .  Here it should be noted that the upstream DO and 
temperature measurements were obtained from a battery-operated 
portable/submersible monitor (loaned from the Water Research 
Centre, Stevenage), whereas the downstream temperature and DO 
recordings were recovered from a permanent monitoring station 
belonging to the Anglian Water Authority. For the data of 
Appendix 1 ,  sampled values at 1 2 . 0 0  hrs each day were read from 
the strip-chart records from both types of monitor. The down- 
stream monitor withdrew its sample from a median point in the 
river cross section; the upstream monitor was sampled at a point 
4 m from one bank and at a depth of 1 m. The BOD measurements 
were taken at times varying between 09.00  and 1 5 . 0 0  hrs on any 
given day with the sample being drawn from the center of the 
respective river cross section at a depth of approximately 0.5  m. 
Table 1. Summary of data specifications. 
Var iab le  
BOD (f ive-day)  
Temperature 
I 1 I 
Discharge 
Location--With Respect 
t o  Figure 2 
DO 
U p  D Once p e r  S ing le  g rab  sample l day I 




Hours of s u n l i g h t  
R a i n f a l l  
Measurement Technique 
Once p e r  Leve 1-discharge l day I r e l a t i o n s h i p  a t  weir 
Continuous Monitor 
*Meteorological measurements were taken from a l o c a t i o n  some 8 km d i s t a n t  
from t h e  experimental  s t r e t c h  of  r i v e r .  
Once p e r  
day 
Once p e r  
day 
In Appendix 1 certain simplifications have therefore been made: 
(i) the sampling times for the BOD measurements are averaged at 
1 2 . 0 0  hrs for each day; (ii) since no significant difference 
could be detected in the upstream and downstream temperature 
measurements only the downstream record is quoted for use in the 
modeling exercise. Should the reader so wish, precise sampling 
times for the BOD measurements and three-hourly sampled values 
of DO and temperature, together with daily flow-rate and (five- 
day) BOD measurements for the effluent discharge, are available 
from the author for more detailed simulation purposes. However, 
such information is not essential to the present discussion. In 
Appendix 2 a set of cross-sectional area measurements are given 
for regularly spaced intervals along the case study reach of river. 
- 
- 
3. PRELIMINARIES: MODELS AND A METHOD OF MODEL ASSESSMENT 
We s h a l l  d i s t i n g u i s h  between two c l a s s e s  o f  models .  The 
f i r s t ,  d e n o t e d  by t h e  t e r m  i n t e r n a l l y  d e s c r i p t i v e  model,  i s  a  
d e s c r i p t i o n  o f  t h e  s y s t e m ' s  dynamic b e h a v i o r  which embodies sub- 
s t a n t i a l  a  p r i o r i  knowledge o f  t h e  p h y s i c a l ,  c h e m i c a l ,  b i o l o g i c a l ,  
and e c o l o g i c a l  phenomena g o v e r n i n g  t h e  r e l a t i o n s h i p s  between i n p u t ,  
s t a t e ,  and o u t p u t  v a r i a b l e s .  The o t h e r  t y p e  o f  model,  t h e  b l a c k  
box model,  r e q u i r e s  no such  a  p r i o r i  i n f o r m a t i o n ,  makes no such 
c l a i m  t o  d e s c r i b e  t h e  i n t e r n a l  mechanisms of  t h e  sys tem,  and i s  
s i m p l y  an  e m p i r i c a l l y ,  o r  s t a t i s t i c a l l y ,  clef i n e d  r e l a t i o n s h i p  
between t h e  o b s e r v e d  i n p u t  and o u t p u t  b e h a v i o r .  
3.1 I n t e r n a l l y  D e s c r i p t i v e  Model D e f i n i t i o n  
- 
F i g u r e  3a g i v e s  a  s c h e m a t i c  d e f i n i t i o n  o f  t h e  r e a c h  of  r i v e r  
and some n o t a t i o n a l  c o n v e n t i o n s  f o r  t h e  measured v a r i a b l e s .  F ig -  
u r e  3b shows t h e  t r a n s p o r t a t i o n  d e l a y / c o n t i n u o u s l y  s t i r r e d  t a n k  
INPUT 
( a )  INCIDENT SUNLIGHT, u3(t) 
INPUJS DO, " (t) "-J VOLUME a1 1 OUTPUTS TO. Yl (t) 
- - - - - - - - - - - - 
TRANSPORTATION I INPUT INCIDENT SUNLIGHT, u3(t) 
AND CHANCE DlSTURBANCES,$(t) 
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reactor (CSTR) idealization of the reach of river that permits 
the subsequent mathematical description of system behavior in 
terms of lumped-parameter, ordinary differential equation forms. 
Clearly this idealization draws upon standard elements of chemi- 
cal engineering reactor analysis, e.g., Himmelblau and Bischoff 
(1 968) , Buffham and Gibilaro (1 970) ; the idealization can be 
shown to approximate both experimentally observed transport and 
dispersion mechanisms (Whitehetid and Young, 1975; Whitehead, 
1978) and the analytical properties of distributed-parameter, 
partial differential equation representations of advection- 
diffusion mass transport (Rinaldi et al., 1978). 
The reasons for the transformation of the process model from 
a description with time and space as the independent variables, 
which is intuitively more natural, to a description with just time 
as the single independent variable are threefold: 
- The transformation simplifies subsequent computation and 
analysis, since, in principle, ordinary differential 
equations are more easily solved than partial differential 
equations. 
- Statistical procedures for model structure identification, 
parameter estimation, and model verification are in prac- 
tice largely restricted to lumped-parameter representa- 
tions--the corresponding treatment of distributed-parameter 
systems is considerably less well established or under- 
stood. 
- With a view to the (originally) intended application of 
the model for operational control purposes (Young and 
Beck, 1974), the vast majority of control system synthesis 
methods are devoted to process dynamic characterizations 
in terms of time as the single independent variable. 
As we shall see, even with such a potentially simplifying trans- 
formation the simulation of the transportation delay element of 
the idealization in Figure 3b presents difficulties. 
A set of component mass balances across the two elements of 
Figure 3b yields the following form of continuous-time, internally 
descriptive model. 
For the CSTR 
For the transportation delay 
The g e n e r a l  n o t a t i o n  of E qua t i ons  (1  ) and ( 2 )  i s  d e f i n e d  i n  
Tab l e  2; i n  s p e c i f i c  t e r m s :  
u ( t )  = v e c t o r  o f  i n f l u e n t ,  ups t ream component c o n c e n t r a t i o n s  
- 
- 3 (gm 1; 
u ' ( t )  = h y p o t h e t i c a l  t ime-de layed  v e c t o r  o f  i n f l u e n t ,  ups t ream 
component c o n c e n t r a t i o n s  (gm-3) ; 
x ( t )  = v e c t o r  o f  e f f l u e n t ,  downstream component concen t r a -  
- 
t i o n s  (gm-3) ; 
-3 -1 
~ ( t )  = v e c t o r  of component s o u r c e  and s i n k  t e r m s  (gm day 1 ;  
- 
-3 -1 6 ( t )  = v e c t o r  of chance ,  random d i s t u r b a n c e s  (gm day  ) ; 
- 
3 e l  ( t )  = s t r e am d i s c h a r g e  ( m  day" ; 3 
a l  = c o n s t a n t  volume o f  w a t e r  i n  d e f i n e d  r e a c h  of r i v e r  ( m  I * :  
T (t)  = magnitude of  t r a n s p o r t a t i o n  d e l a y  e lement  ( day )  ; 
t = independent  v a r i a b l e  of t i m e  ( d a y ) .  
There  a r e  t h r e e  b a s i c  assumpt ions  r e q u i r e d  t o  combine E qua t i ons  
( 1 )  and ( 2 )  i n  o r d e r  t o  g i v e  t h e  form of t h e  i n t e r n a l l y  d e s c r i p -  
t i v e  model t h a t  i s  d i s c u s s e d  s ubs equen t l y :  
Assumption ( I ) :  t h a t  t h e  volume,  o r  d e p t h  o f  w a t e r  i n  t h e  
r e a c h  o f  r i v e r ,  a l ,  i s  c o n s t a n t .  
Assumpt ion  ( 2 1 :  t h a t  t h e r e  i s  no i n t e r a c t i o n  be tween  v a r i -  
a b l e s  i n  t h e  t r a n s p o r t a t i o n  d e l a y  e lement  
o f  t h e  p r o c e s s  i d e a l i z a t i o n .  
Assumption ( 3 )  : t h a t  e q u a t i o n  ( 2 )  can be approximated for  
t h i s  p a r t i c u l a r  c a s e  s t u d y  b y  
which i m p l i e s  t h a t  ~ ( t )  = 0 f o r  a l l  t .  
Assumption ( 1 )  has  a l r e a d y  been i n c o r p o r a t e d  i n t o  t h e  s t a t e m e n t  
o f  t h e  component mass b a l a n c e s  o f  t h e  CSTR, E qua t i on  ( 1 ) ;  and 
Assumption ( 2 )  i s  i m p l i c i t  i n  Equa t ion  ( 2 )  i n  t h e  s e n s e  t h a t  any 
p h y s i c a l ,  chemica l ,  o r  b iochemica l  r e a c t i o n s  a r e  assumed t o  t a k e  
p l a c e  o n l y  i n  t h e  CSTR. 
Assumption ( 3 )  i s  b o th  c r u c i a l  and much more d i f f i c u l t  t o  
j u s t i f y .  W e  may n o t e  i n  p a s s i n g  t h a t  had t h i s  assumpt ion  n o t  been 
made t h e n  t h e  d e s c r i p t i o n  of r ( t )  merits some though t  s i n c e  t h i s  
d e s c r i p t i o n  needs  t o  be t i m e  v a r y i n g  acco r d ing  t o  v a r i a t i o n s  i n  
t h e  s t r e a m  d i s c h a r g e  O l ( t ) .  Methods f o r  s i m u l a t i n g  such  a  
* In  t h e  rest o f . t h e  p a p e r ,  t h e  omiss ion  o f  t h e  argument t from 
any pa r ame te r  d e f i n i t i o n  i n d i c a t e s  t h e  assumpt ion  t h a t  t h e  
pa r ame te r  i s  t i m e  i n v a r i a n t .  
T a b l e  2 .  Summary o f  g e n e r a l  n o t a t i o n  and v a r i a b l e  d e f i n i t i o n s .  
General I 
Var iab le  
u  
- 
I Vector of  measured input  v a r i a b l e s  
D e f i n i t i o n  
X 
- 
a  - I Vector of parameters  ( c o e f f i c i e n t s )  
Vector of s t a t e  v a r i a b l e s  o r  hypothe t ica l  noise-  
f r e e  ou tpu t  v a r i a b l e s  
Y 
I n t e r n a l l y  Descr ip t ive  
Model 
Vector of v a r i a b l e s  " i n t e r n a l "  t o  t h e  model bu t  
n o t  def ined a s  s t a t e  v a r i a b l e s  
Vector of measured ou tpu t  v a r i a b l e s  
S - Vector of source and s i n k  terms r e l a t e d  t o  each 
s t a t e  v a r i a b l e  
Vector of chance, random d is tu rbances  of  t h e  
System 
rl - I Vector of ou tpu t  measurement e r r o r s  
Black Box Model I 
a - I Vector of au toregress ive  polynomial parameters  
8 - I Vector of input  polynomial parameters  
Vector of ( d e t e r m i n i s t i c )  model ou tpu t  
p r e d i c t i o n s  
v  
Model Assessment 
Lumped no ise  p rocess  accounting f o r  bo th  random 
d is tu rbances  and measurement e r r o r s  
t i m e - v a r i a b l e  t r a n s p o r t a t i o n  d e l a y  a r e  a v a i l a b l e  (see e . g .  Coggan 
and Noton, 1 9 7 0  and Appendix 4 )  and would a lmos t  c e r t a i n l y  be 
r e q u i r e d  f o r  l o n g e r  r e a c h e s  o f  r i v e r  and f o r  t i m e - s e r i e s  d a t a  i n  
which t h e  sampling i n t e r v a l  i s  much s h o r t e r  t h a n  t h e  a v e r a g e  d e t e n -  
t i o n  t i m e  of  t h e  r e a c h .  On i n s p e c t i o n  Appendix 4 s u g g e s t s  t h a t  
t o  i n c l u d e  t h i s  k i n d  o f  s i m u l a t i o n  f o r  ~ ( t )  i s  mere ly  t o  exchange 
t h e  complexity/computational e f f o r t  o f  a  d i s t r i b u t e d - p a r a m e t e r  
model f o r  t h e c o m p l e x i t y  and e f f o r t  o f  s o l v i n g  an  i n c r e a s e d  number 
of  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  ( I n  f a c t ,  p a r t l y  f o r  t h i s  
r e a s o n  t r a n s p o r t a t i o n  d e l a y s - - o r  "dead t i m e n - - a r e  e x t r e m e l y  awk- 
ward t o  h a n d l e  i n  con t inuous- t ime  c o n t r o l  sys tem d e s i g n  p r o c e d u r e s ;  
t h e y  a r e  much more e a s i l y  accommodated i n  t h e  framework of  d i s c r e t e  
E - Vector of e r r o r s  between observed ou tpu t  and 
d e t e r m i n i s t i c  model ou tpu t  p r e d i c t i o n s  
time, or digital, control system synthesis techniques.) It should 
now be evident why Assumption (3) is important in that it permits 
a considerable simplification. Yet at the same time some assess- 
ment should be made of the degree of inaccuracy introduced by the 
assumption. 
Firstly, for the short study reach of the Cam with an average 
detention time during the experimental period of just over one 
day, and given the relatively slow sampling frequency (once per 
day), it is not possible to observe, and hence to identify or 
model, the response of DO-BOD interaction to h i g h e r  frequency, 
input, upstream disturbances. Moreover, as Rinaldi et al. (1978) 
point out, an idealization of the river reach as a CSTR w i t h o u t  
any transportation delay element provides in theory an approxima- 
tion to the advection-diffusion representation which is relatively 
better in the regime of low frequency disturbances than it is in 
the spectrum of high frequency disturbances. We would thus expect 
the models employed here to provide very poor approximations to 
the downstream DO and BOD concentrations as responses to impulsive 
(high frequency) changes in the upstream DO and BOD concentrations. 
On the other hand, with Assumption (3) the models should simulate 
quite well the advective transport of material downstream when 
conditions at the upstream boundary are changing in the manner 
of longer-term trends and slow periodic fluctuations, i.e., low 
frequency input disturbances. 
Secondly, the following qualifications apply to the above 
kinds of argument: 
- That for the integration of Equation (1) over the time 
interval of one day u(t) is substituted by the values 
measured at the b e g i n n i n g  of that period (see section 
4.1)--hence, the predicted downstream concentrations 
at 12.00 hrs on the current day are a function of the 
measured upstream concentrations at 12.00 hrs on the 
previous day (compare with the average detention time 
properties of the study reach); and 
- That some, if not a large proportion, of the high frequency 
disturbances and variations in the observed process dy- 
namics are due to stochastic effects which thus represent 
a kind of irreducible minimum error that can be obtained 
in the following modeling exercise. 
Thirdly, in order to avoid confusion, let us mention that 
the term "transportation delay" as defined and used here is n o t  
equivalent to the term "time of travel". For instance, whereas 
the time of travel might represent the time taken to reach the 
peak (or center of gravity) of the downstream response to an up- 
stream impulse tracer disturbance, the transportation delay more 
closely resembles the time elapsed before any significant positive 
response to the impulse input is detected downstream. If an 
average value for the time of travel can be approximated by the 
r a t i o  ( a l  /01 ( t )  ) , t h e n  i n  g e n e r a l  
R i n a l d i  e t  a l .  (1978)  s u g g e s t  one such  c h o i c e  f o r  T ( t )  , which is  
b a s e d  on a n  a n a l y s i s  o f  how t h e  a n a l y t i c a l  p r o p e r t i e s  o f  t h e  t r a n s -  
p o r t a t i o n  delay/CSTR model compare w i t h  t h e  p r o p e r t i e s  of  a n o t h e r  
lumped-parameter approx imat ion  o f  t h e  a d v e c t i o n - d i f f u s i o n ,  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n .  
B e a r i n g  i n  mind t h e s e  p r e c e d i n g  c o n s i d e r a t i o n s ,  and hav ing  
n o t e d  t h a t  i n c l u s i o n  o f  a  r e p r e s e n t a t i o n  f o r  ~ ( t )  a c c o r d i n g  t o  
Appendix 4 produced a p p a r e n t l y  n e g l i g i b l e  d i f f e r e n c e s ,  Assumption 
( 3 )  was made a t  an  e a r l y  s t a g e  i n  t h e  a n a l y s i s  and h a s  s i n c e  been 
p r e s e r v e d  i n  a l l  t h e  models t o  b e  p r e s e n t e d  i n  s e c t i o n  4 .  Thus, 
by E q u a t i o n  ( 3 )  , E q u a t i o n s  (1 ) and ( 2 )  c a n  b e  combined t o  g i v e  
t h i s  e q u a t i o n ,  t o g e t h e r  w i t h  t h e  o u t p u t  o b s e r v a t i o n s  y l ( t k )  
y 2 ( t k )  of  downs t ream DO and BOD c o n c e n t r a t i o n s ,  r e s p e c t i v e l y ,  
i s  t h e  b a s i c  d e s c r i p t i o n  of t h e  i n t e r n a Z Z y  d e s c r i p t i v e  m o d e l .  I n  
E q u a t i o n  ( 5 1 ,  
x l  ( tk ) ,  x 2 ( t k )  a r e  r e s p e c t i v e l y  t h e  downstream c o n c e n t r a t i o n  
o f  DO and BOD a t  t i m e  tk (gm-3) ; 
u l  (tk) , n 2 ( t k )  a r e  r e s p e c t i v e l y  chance  measurement e r r o r s  
a s s o c i a t e d  w i t h  t h e  o u t p u t  o b s e r v a t i o n s  of  DO 
and BOD (gm-3) ; 
tk 1s t h e  k t h  sampl ing  i n s t a n t  o f  t i m e  where t h e  
sampl ing  i n t e r v a l  A t  = (tk - tk-l) = 1  ( d a y ) .  
3 .2  The Black Box Model 
The b l a c k  box model c a n  b r i e f l y  b e  f o r m a l l y  s t a t e d  a s  
where the scalar x(tk), e i t h e r  the downstream DO concentration 
(xl (tk) ) o r  the downstream BOD concentration (x2 (tk) ) , is observed 
only in the presence of noise, 
Equations (6) and (7) are the b a s i c  d e s c r i p t i o n  o f  t h e  b l a c k  box  
m o d e l .  In Equation (6) q-l is defined as the backward shift 
operator, 
- 1 q Ix(tk) } = ~ ( t ~ - ~ )  etc. , (8 
and ~ ( q - l )  and Bi(q-l) are nth order polynomials in q-l defined 
as 
The parameters ai and Bii are respectively elements of the vectors 
u and g referred to in  able 2. v(tk) denotes that the random 
- 
noise component of Equation (7) is a lumped term which really 
covers the combined effects previously accounted for (conceptually) 
by z(t) and g(tk) in the internally descriptive model. 
Since the form of the black box model is restricted to the 
case of s i n g l e  output (state)* systems, its application requires 
As s umpt ion  ( 4 1 :  t h a t  ( T o r  b l a c k  box  r e p r e s e n t a t i o n s )  t h e  
dynam ic  b e h a v i o r  o f  t h e  d o w n s t r e a m  DO c o n -  
c e n t r a t i o n  c a n  be  c o n s i d e r e d  i n d e p e n d e n t  o f  
t h e  dynam ic  b e h a v i o r  o f  t h e  downs t r eam  B O D  
c o n c e n t r a t i o n ,  a l t h o u g h  n o t  n e c e s s a r i l y  
i n d e p e n d e n t  o f  t h e  i n p u t ,  u p s t r e a m  BOD c o n -  
c e n t r a t i o n  v a r i a t i o n s .  
*There is a slight problem of terminology here; however, to all 
intents and purposes, "outputs" are equivalent to noise corrupted 
observations of the "state" variables. 
3 . 3  A  Simple Method of  Model Assessment  
The method o f  model a s s e s s m e n t  i s  i n d e e d  s i m p l e .  We must  
f i r s t ,  however,  s p e c i f y  t h e  e x a c t  n a t u r e  of  a  deterministic model 
prediction. 
For  t h e  internally descriptive model s u c h  a p r e d i c t i o n  i s  
d e f i n e d  a s  t h e  s o l u t i o n  a t  t i m e  tk o f  
g i v e n  a  s e t  of  ( e s t i m a t e d )  v a l u e s  f o r  t h e  i n i t i a l  c o n d i t i o n s  %(to) ,  
t h e  measured d a t a  f o r  v a r i a b l e s  ;(tk) and g ( t k ) ,  and e s t i m a t e d  
v a l u e s  f o r  a l l  p a r a m e t e r s  a i m p l i c i t  i n  t h e  form o f  S ( t ) .  Pre-  
c i s e l y  how t h e  s u b s t i t u t i o n s  f o r  u ( t k )  and g ( t k )  a r e  made w i l l  
be d e f i n e d  i n  s e c t i o n  4 .  
F o r  t h e  black box model we have 
where Q ( t O ) ,  u i ( t k ) ,  i = 1 , 2 ,  ..., m ,  and v a l u e s  f o r  t h e  p a r a m e t e r s  
a and  a r e  a v a i l a b l e .  
- 
From E q u a t i o n s  (10)  and ( 1 1 )  t h e  f o l l o w i n g  v e c t o r  ( o r  s c a l a r )  
e r r o r  q u a n t i t i e s  c a n  be d e t e r m i n e d  f o r  t h e  i n t e r n a l l y  d e s c r i p t i v e  
( o r  b l a c k  box) models:  
and f o r  e a c h  such  deterministic response error s e q u e n c e ,  € ( t k ) ,  
we may compute c o r r e s p o n d i n g  sample mean, p ,  and s t a n d a r d  d e v i a -  
t i o n ,  o ,  s t a t i s t i c s ,  
The notation of Equation (13) indicates that the sampled measure- 
ments for the first day of the experiment are considered to have 
been taken at time to. Thus for all internally descriptive models 
6 = 1, i.e. an error can be computed for time tl, but for the 
black box models 6 is dependent upon n, the chosen order for the 
- 1 
Bi (q ) and A(~-') polynomials. The reasons for this will become 
more evident in section 5. 
We may note now that in sections 3.1 and 3.2 the stochastic 
aspects of the models, s(t), 2(tk), are included simply for the 
purpose of completeness and for emphasizing the probabilistic 
framework of the modeling exercise. Further consideration of 
these terms is incidental to the main themes of the paper and only 
passing reference will be made to certain estimated forms of v(tk) 
in association with the black box modeling results (see Appendix 
5). 
4. INTERNALLY DESCRIPTIVE MODELING RESULTS 
In this and the following section supporting remarks on model 
development and interpretation are restricted to a minimum. A 
sufficient body of literature already exists on the Cam-1972 
modeling exercise, abstracts of which are given in Appendix 3.* 
4.1 Model I (Beck and Young, 1975) 
This is essentially a model based on the proposals of Dobbins 
(1964) and his assumptions are therefore reflected in the explicit 
form of S (t) : 
- 
(a) DO: Gl (t) = (01 (t)/al)ul (t) - (01 (t) /al )xl (t) + a2 (03 (t) 
*Conversely, if there appears to be too much computational detail, 
this has been included to ensure that the objective of repro- 
ducibility of results can be satisfied if necessary. 
The a d d i t i o n a l  v a r i a b l e s  a r e  d e f i n e d  a s  
u l  ( t )  , u2  (t)  = r e s p e c t i v e l y ,  t h e  ups t ream ( i n p u t )  DO and 
BOD c o n c e n t r a t i o n s  (gm-3) ; 
O 3  ( t )  = s a t u r a t i o n  c o n c e n t r a t i o n  o f  DO (gm-3) 
where 0 3 ( t )  is  computed from t h e  f o l l o w i n g  r e l a t i o n s h i p  w i t h  t h e  
s t r e a m  wa te r  t empe ra tu r e  O 2  ( t )  ,
O 3  ( t )  = 14.541233 - 0.392802602 ( t )  + 0.00732326 [02 (t)  1 '  
3  
- 0.00006629 [02 ( t )  1 . (1 5)  
The i n i t i a l  c o n d i t i o n s ,  parameter  v a l u e s  and d e f i n i t i o n s ,  and 
e r r o r  s t a t i s t i c s  f o r  t h i s  model a r e  g iven  i n  T ab l e  3 ;  a  comparison 
Tab l e  3.  I n i t i a l  c o n d i t i o n s ,  parameter  v a l u e s ,  and e r r o r  
s t a t i s t i c s  f o r  Model I.  







a 4  ( t )  





D e f i n i t i o n  
I n i t i a l  condi t ions  f o r  downstream DO 
concent ra t ion  
I n i t i a l  condi t ions  f o r  downstream 
BOD concent ra t ion  
Volumetric hold-up i n  t h e  reach 
Reaerat ion r a t e  cons tan t  
BOD decay r a t e  cons tan t  
Net r a t e  of add i t ion  of DO t o  reach 
by combined e f f e c t s  of photosyn- 
t h e t i c / r e s p i r a t o r y  a c t i v i t y  of 
p l a n t s  and a lgae  and t h e  decom- 
p o s i t i o n  of mud d e p o s i t s  
Rate of add i t ion  of BOD t o  reach 
by l o c a l  sur face  runoff 
Mean of  e r r o r s  i n  DO p r e d i c t i o n s  
Standard dev ia t ion  of e r r o r s  i n  DO 
p r e d i c t i o n s  
Mean of e r r o r s  i n  BOD p r e d i c t i o n s  
Standard dev ia t ion  of e r r o r s  i n  BOD 
p r e d i c t i o n s  
Value 
- 3 8 . 0  gm 
-3 1 .4  gm 
1.51 X l o 5  m3 
0.17 day-' 
0.32 day-' 
' -2.7 f o r  0  5 t < tlg 
-0.4 f o r  t , t 
-3 19 ( i n  gm day-') 
0  f o r  a l l  t 





of  t h e  deterministic model r e s p o n s e s  g( tk )  and o b s e r v a t i o n s  y ( t k )  
i s  g i v e n  i n  F i g u r e  4 .*  I n  F i g u r e  4  t h e  r e a d e r ' s  a t t e n t i o n  i s  
drawn t o  t h e  per formance  o f  t h e  model o v e r  t h e  p e r i o d s  t j6  + t48 
( b o t h  t h e  DO and t h e  BOD r e s p o n s e s )  and from t60 onwards ( f o r  t h e  
BOD r e s p o n s e ) .  Any significant improvement a f f o r d e d  by t h e  l a t e r  
models w i l l  b e  most e v i d e n t  a t  t h e s e  p o i n t s  i n  t h e  e x p e r i m e n t .  
The p r e d i c t e d  downstream BOD c o n c e n t r a t i o n  on day t58 s h o u l d  a l s o  
b e  n o t e d :  it r e s u l t s  from t h e  e f f e c t s  o f  a  t h u n d e r s t o r m  on day  
t56, g i v i n g  rise t o  a  peak ups t ream BOD c o n c e n t r a t i o n  on day  t57 
- 
which p r o b a b l y  l e d  i n  t u r n  t o  an  a c t u a l  peak downstream BOD some 
t i m e  between t h e  samples  of  t57 and tS8. T h i s  t h e n  i s  p r e c i s e l y  
t h e  k i n d  o f  h i g h  f r e q u e n c y  r e s p o n s e  c h a r a c t e r i s t i c  t h a t  we s h o u l d  
n o t  e x p e c t  t h e  model t o  be a b l e  t o  r e p r o d u c e  a c c u r a t e l y  (see sec-  
t i o n  3 . 1 ) .  However, it i s  d i f f i c u l t  t o  c o n f i r m  t h a t  t h i s  is s o  
s i n c e  d u r i n g  h i g h  f l o w  c o n d i t i o n s  t h e  d e t e n t i o n  t i m e  i n  t h e  r e a c h  
a p p r o a c h e s  a  minimum v a l u e  and t h e  d a i l y  s a m p l i n g  f r e q u e n c y  o f  t h e  
d a t a  i s  c o n s e q u e n t l y  t o o  s l o w  t o  p i c k  u p  t h e  f a s t  t r a n s i e n t  re- 
s p o n s e s  t o  t h e  i m p u l s i v e  d i s t u r b a n c e  of  t h e  t h u n d e r s t o r m .  
Computa t iona l  Note 
S o l u t i o n s  t o  E q u a t i o n  ( 1 4 )  a r e  o b t a i n e d  i t e r a t i v e l y  by 
n u m e r i c a l  i n t e g r a t i o n  (Runge-Kutta) o v e r  t h e  i n t e r v a l  tk + tk+l. 
For  t h i s  i n t e r v a l ,  t h e r e f o r e ,  t h e  v a l u e s  
I f o r  tk 5 t 2 tk+l O ( t )  = Q ( t k )  - 
a r e  s u b s t i t u t e d .  Thus n o t e  t h a t  t h e  a l t e r n a t i v e  o f  l i n e a r  i n t e r -  
p o l a t i o n  may i n  f a c t  y i e l d  more a c c u r a t e  r e s u l t s  and e s p e c i a l l y  
s o  f o r  t h e  c a s e  o f  t h e  s t o r m  c o n d i t i o n s  d i s c u s s e d  above. 
4 .2  Model I1 (Beck and Young, 1975, 1976)  
Whereas Model I d o e s  n o t  a c c o u n t  f o r  t h e  i n t e r a c t i o n  of  a n  
a l g a l  p o p u l a t i o n  w i t h  t h e  DO and BOD dynamics ,  t h i s  i s  i n c o r p o -  
r a t e d  i n t o  Model I1 by means o f  a  new p s e u d o e m p i r i c a l  r e l a t i o n -  
s h i p  f o r  " s u s t a i n e d  s u n l i g h t  e f f e c t s " ,  t h a t  i s  
*See a l s o  Appendix 1  f o r  comments on t h e  s a l i e n t  f e a t u r e s  of  t h e  
e x p e r i m e n t a l  d a t a .  
Do: G I  (t) = (01 (t) /al ) ul (t) - (01 (t) /al ) xl (t) + a2 (03 (t) - xl (t) 
- a3x2 (t) + ai(t) + a6(04(t) - a8) ; (17a) 
BOD: x2 (t) = (01 (t)/al )u2 (t) - (01 (t)/al )x2 (t) - a3x2 (t) + a5 (t) 
+ a7(04(t) - a8) ; (17b) 
where 
with 
(04 (tk) - a8) = o for o4 (tk) < a8 . 
The variables u3 (tk) and O4 (tk) are defined as 
u3(tk) = hours of sunlight incident on the system at day tk; 
04(tk) = "sustained sunlight effect" at day tk (hours of 
sunlight per day). 
Figure 5 shows a significant improvement in the model responses, 
particularly over the period t 36 + t48, given the additional 
initial conditions and parameter values listed in Table 4; the 
improved model performance is reflected in the error statistics 
also shown in Table 4. Model I1 requires 
Assumpt ion  ( 5 1 :  t h a t  t h e  h i g h e r  o b s e r v e d  DO and B O D  con-  
d i t i o n s  f o r  t36 + t48 a r e  due t o  t h e  growth 
o f  an a l g a l  p o p u l a t i o n ,  which i n  t u r n  i s  
some f u n c t i o n  o f  t h e  c u m u l a t i v e  i n f l u e n c e  
o f  warm, sunny p e r i o d s  o f  w e a t h e r .  
In other words the major additional hypotheses included in 
the model of Equation (17) are as follows: 
- The low-pass filter formulation of Equation (17~) pro- 
duces a time-series 04(tk) in which longer periods of 
OBSERVATIONS 
(b) BOD ( g ~ n - ~ )  
8 .O 
1:igurc 4. L)etrrministic rnodcl rtssponsrs x^(tk). and ohsrr\ ations. ! (tk) .  
for h1odc.l I :  (a )  tlowl~strt:atrt [ I 0  convrl~tratior~. (1)) do\tn-  
stream ROL) c~o1lcc~tttl.atio11. 
s u n n y  w e a t h e r  are e m p h a s i z e d  a t  t h e  e x p e n s e  o f  t h e  h i g h e r  
f r e q u e n c y  v a r i a t i o n s  s u c h  as a l t e r n a t e  b r i g h t  a n d  d u l l  
d a y s  ( h e n c e  t h e  t e r m ,  l o w - p a s s  f i l t e r ) .  
- The  i n e q u a l i t y  c o n s t r a i n t  o f  E q u a t i o n  ( 1 7 c )  e m b o d i e s  t h e  
n o t i o n  t h a t  a c e r t a i n  minimum l e v e l  o f  s u s t a i n e d  s u n n y  
w e a t h e r  i s  r e q u i r e d  b e f o r e  t h e  a l g a l  p o p u l a t i o n  p r o p a -  
g a t e s  i t s e l f  t o  s i g n i f i c a n t  p r o p o r t i o n s .  
- S u n l i g h t  a n d  t e m p e r a t u r e  are r e g a r d e d  as t h e  c o n t r o l l i n g  
f a c t o r s  o f  a l g a l  g r o w t h  s i n c e  o t h e r  n u t r i e n t s ,  p r i n c i p a l l y  
d e r i v i n g  f r o m  t h e  s ewage  d i s c h a r g e ,  a r e  assumed t o  b e  
a v a i l a b l e  i n  n o n l i m i t i n g  q u a n t i t i e s .  
F'igurc. 5. Dztrrmir~istic model rrsponsrs, i ( t l , ) .  and obsvrvations. ( t k ) .  
f'c~r Model 11: (a )  dowristrram DO conczr~lration. (b) down- 
strcs.im BOD cancrntration. 
12.0 
Computational Note 
- (a) DO (gm-3) OBSERVATIONS 
Conditions similar to those of Equation (14) hold for the 
solution of Equations (17). A further condition is, in Equations 
(17a) and (17b), 
10.0 - 
Q4(t) = O (t ) for tk < t 5 tk+l . 4 k  (18) 
T a b l e  4.  E r r o r  s t a t i s t i c s  and a d d i t i o n a l  i n i t i a l  c o n d i t i o n s  
and paramete r  v a l u e s  f o r  Model 11. 
*The abbrev ia t ion  h r  is  used t o  denote hours of  s u n l i g h t  p e r  day. 
4 . 3  Model I11 (Beck 1 9 7 4 ,  1 9 7 5 )  
Value 
0.0 hr* 
( a s  f o r  a 4 ( t ) )  
-3 0.31 gm DO* 
day-' h r - l*  
- 3  0.32 g m  BOD* 









Var iab le  
(Parameter) 
0 (to) 4  






u 1  
O 1  
u2 
O2 
The d i s c r e t e - t i m e  low-pass f i l t e r -  mechanism f o r  t h e  s u s t a i n e d  
s u n l i g h t  e f f e c t  i n  Model 11,   qua ti on ( 1 7 c ) ,  h a s  a n  a n a l o g  c o n t i n -  
uous- t ime form. On t h e  b a s i s  of c e r t a i n  o b s e r v a t i o n s  (Beck,  1 9 7 5 )  
it i s  found  t o  be more a p p r o p r i a t e ,  however,  t o  s i m u l a t e  t h e  growth 
and i n t e r a c t i o n  e f f e c t s  o f  an  a l g a l  p o p u l a t i o n  by t w o  low-pass 
f i l t e r s  i n  series: 
D e f i n i t i o n  
I n i t i a l  condi t ions  f o r  sus ta ined  
s u n l i g h t  e f f e c t  
Rate of  a d d i t i o n  of  DO t o  reach by 
decomposition of bottom mud d e p o s i t s  
Coef f ic ien t  f o r  sus ta ined  s u n l i g h t  
e f f e c t  i n  DO equa t ion  
Coef f ic ien t  f o r  sus ta ined  s u n l i g h t  
e f f e c t  i n  BOD equat ion 
Threshold l e v e l  f o r  sus ta ined  
s u n l i g h t  e f f e c t  
Reciprocal t ime c o n s t a n t  f o r  
d i sc re te - t ime  low-pass f i l t e r  f o r  
t h e  sus ta ined  s u n l i g h t  e f f e c t ,  
equat ion (17c) 
A r b i t r a r y  mean r i v e r  water  
temperature 
Mean of e r r o r s  i n  DO p r e d i c t i o n s  
Standard d e v i a t i o n  of e r r o r s  i n  DO 
p r e d i c t i o n s  
Mean of e r r o r s  i n  BOD p r e d i c t i o n s  
Standard dev ia t ion  of e r r o r s  i n  BOD 
p r e d i c t  ions  
DO: G l  ( t )  = (01  ( t ) / a l ) u l  (t)  - (01  ( t ) / a l )  x l  ( t )  + a 2  ( 0 3  ( t )  - x l  ( t )  
i n  which x 3 ( t )  = o u t p u t  o f  f i r s t  low-pass f i l t e r  ( h o u r s  o f  s u n l i g h t  
p e r  day  and x  ( t )  = o u t p u t  o f  second  low-pass f i l t e r  ( h o u r s  o f  4  
s u n l i g h t  p e r  d a y ) .  
N o t i c e  t h a t  x3 ( t )  i n t e r a c t s  o n l y  w i t h  t h e  downstream DO c o n c e n t r a -  
t i o n ,  w h i l e  x 4 ( t )  i n t e r a c t s  o n l y  w i t h  t h e  downstream BOD concen- 
t r a t i o n ;  x 3 ( t )  and x 4 ( t )  t h e r e f o r e  f u l f i l  i n  E q u a t i o n s  (19a)  and 
(1 9b) t h e  e q u i v a l e n t  r o l e s  of O 4  (t) i n  E q u a t i o n s  ( 1 7 a )  and (17b)  . 
T a b l e  5 summarizes t h e  p a r a m e t e r  v a l u e s ,  i n i t i a l  c o n d i t i o n s ,  and 
d e t e r m i n i s t i c  r e s p o n s e  e r r o r  s t a t i s t i c s  f o r  Model I11 and a  compari-  
son  of  t h e  model pe r formance  w i t h  t h e  observed  b e h a v i o r  i s  g i v e n  
i n  F i g u r e  6 .  Model I11 c a n  be s e e n  t o  be o n l y  m a r g i n a l l y  " b e t t e r "  
a t  f i t t i n g  t h e  d a t a  t h a n  Model 11; however,  E q u a t i o n  (19)  i s  u s e f u l  
p r i m a r i l y  a s  a  c o n c e p t u a l  l i n k  between Models I1 and I V  s i n c e  it 
i n d i c a t e s  t h a t  t h e  s u s t a i n e d  s u n l i g h t  e f f e c t  h a s  a  more immediate 
i n f l u e n c e  on t h e  DO and a  s l o w e r  i n t e r a c t i o n  w i t h  t h e  BOD. 
Computa t iona l  Note 
The c o n d i t i o n s  o f  Equa t ion  ( 1 4 ) ,  t o g e t h e r  w i t h  t h e  s u b s t i t u -  
t i o n  
u 3 ( t )  = u 3 ( t k )  f o r  tk 5 t 2 tk+l (20)  
i n  E q u a t i o n  (1  9 c )  , h o l d  f o r  s o l u t i o n s  o f  E q u a t i o n s  (19)  . The 
i n e q u a l i t y  c o n s t r a i n t  of Equa t ion  (17d)  is  n o t  t r a n s f e r r e d  i n  any 
e q u i v a l e n t  form t o  E q u a t i o n s  (1 9 )  . 
Table 5. Error statistics and additional initial conditions 
and parameter values for Model 111. 
*The abbreviation hr is used to denote hours of sunlight per day. 
Variable 
(Parameter) 
" ( to) 













Initial conditions for output of 
first low-pass fllter 
Initial conditions for output of 
second low-pass filter 
Coefficient for equivalent sustained 
sunlight effect in DO equation 
"Threshold" level for equivalent 
sustained sunlight effect in DO 
equation 
Coefficient for equivalent sustained 
effect in BOD equation 
"Threshold" level for equivalent 
sustained sunlight effect in BOD 
equation 
Time-constant for first low-pass 
filter 
Gain coefficient between u (t) and 3 
x3 (t) 
Time constant for second lorpass 
filter 
Mean of errors in DO predictions 
Standard deviation of errors in DO 
predictions 
Mean of errors in BOD predictions 















-0.097 ~ u I - ~  
0.679 ~ u I - ~  
-0.108 ~ u I - ~  
0.881 ~ u I - ~  
1 2 , ~  1 (a) DO (gm-3) OBSERVATIONS 
Figure 6.  1)c~trrministic model responses. R(tk). and observations. y(tk) .  
8.0 
for Modrl III:  (a) downstream DO concentration; (b) down- 
stream BOI) cor~ccntration. 
I I I I I I I I 
(b) BOD (4md3) 
- 
4 . 4 .  Model I V  (Beck 1974, 1975) 
The s y n t h e s i s  o f  Model I V  depends  e s s e n t i a l l y  upon i n t e r -  
p r e t i n g  x3  ( t )  and x4  ( t )  i n  Model 111, E q u a t i o n s  ( 1 9 ) ,  a s  
x 3 ( t )  = dawnstream c o n c e n t r a t i o n  o f  a  l i v e  a l g a l  p o p u l a t i o n  
( 9m-3 ) 
x 4 ( t )  = downstream c o n c e n t r a t i o n  o f  a  dead  a l g a l  p o p u l a t i o n  
( g ~ n - ~ )  
and upon t h e  a s s u m p t i o n  t h a t  a l g a l  p o p u l a t i o n  g rowth  k i n e t i c s  can  
be  d e s c r i b e d  by Monod (1949)  k i n e t i c s  w i t h  s u n l i g h t  a s  t h e  r a t e -  
l i m i t i n g  f a c t o r .  For  Model I V  w e  have t h e n  
- a x (t) + a; (t) + a18x3 (t) [u3 (t) 1 a1 9 - a20x3 (t) ; 3 2 
BOD: x2 (t) = (01 (t)/al)u2(t) - (01 (t)/al)x2 (t) - a3x2 (t) 




u; (t) = u3(t - At) , (22) 
with At being a pure time delay of one day, i.e. one sampling 
interval. The deterministic predictions of Model IV are shown 
in Figure 7. All other necessary information about the model is 
provided in Table 6. From both Figure 7 and Table 6 it is evident 
that Model IV is capable of a better representation of the observed 
system behavior than Model 11; the most significant improvement 
offered by Model IV concerns the simulation of the downstream BOD 
response from about day tCn onwards--Figure 7b. Two major assump- 
tions have been made in the derivation of Equation (2 1 ) : 
A s s u m p t i o n  (6): t h a t  no  l i v e  o r  d e a d / d e c a y i n g  aZgaZ m a t t e r  
e n t e r s  t h e  r e a c h  o f  r i v e r  a c r o s s  i t s  u p s t r e a m  
b o u n d a r y .  
A s s u m p t i o n  ( 7 ) :  t h a t  t h e  g r o w t h  k i n e t i c s  o f  t h e  a l g a l  popu- 
l a t i o n  i n  E q u a t i o n  ( 2 1 c )  a r e  i n d e p e n d e n t  o f  
t h e  c o n c e n t r a t i o n  o f  l i v e  a l g a e .  
12,0 (a1 DO OBSERVATIONS 
F i p w  7 .  Ut.tt%rrninistic: ~notl(sl responsc,s. i ( t k ) .  a n d  obsrrvat ions .  j ( t k ) ,  
for  b1odc.l 1L': (a)  downstream D O  c,otlcc:ntration; ( h )  11owt1- 
strearn BOD c ~ ) n c ~ n t r a t i o r ~ .  
I n  p r a c t i c e ,  o f  c o u r s e ,  it wou ld  b e  n e c e s s a r y  t o  s u p p o s e  t h a t  
small " s e e d "  p o p u l a t i o n s  o f  a l g a e  e n t e r  t h e  s t u d y  r e a c h  o f  r i v e r  
f r o m  u p s t r e a m .  The h y p o t h e s i s  i s  t h e r e f o r e  t h a t  t h e  n u t r i e n t - r i c h  
e n v i r o n m e n t  o f  t h i s  p a r t i c u l a r  r e a c h ,  p r o v i d e d  by t h e  s ewage  d i s -  
c h a r g e ,  is  c a p a b l e  o f  s t i m u l a t i n g  r a p i d  a n d  s i g n i f i c a n t  a l g a l  
g r o w t h .  
C o m p u t a t i o n a l  No te  
I n  E q u a t i o n  (21 c )  t h e  f o l l o w i n g  s u b s t i t u t i o n  i s  made,  t h r o u g h  
E q u a t i o n  ( 2 2 ) ,  
u 3 ( t )  = U ; ( t k  - A t )  = ~ ~ ( t ~ - ~ )  f o r  tk 5 t 2 tk+l . ( 2 3 )  
T a b l e  6 .  E r r o r  s t a t i s t i c s  and a d d i t i o n a l  i n i t i a l  c o n d i t i o n s  
and paramete r  v a l u e s  f o r  Model IV. 
Variable 
(Parameter) Definition Value 
Initial conditions for concentration 
of live algae 
Initial conditions for concentration 
of dead algae 
Rate constant for photosynthetic 
production of DO by live algae 
Exponential power for dependence of 
algal photosynthetic DO production 
on sunlight conditions 
Rate constant for respiratory con- 
sumption of DO by live algae 
Rate constant for BOD production by 
redissolved dead algal material 
Maximum specific growth rate of 
algae 
Saturation constant for growth rate 
limiting factor 
Specific decay rate constant for 
algae 
Rate constant for production of 
dead algal matter from live algal 
matter 
Rate constant for redissolution of 
dead algal material 
Rate of sedimentation of particulate 
dead algal material 
4 0 (c3 ROD 
[gm-' algae] -lday-') 
-3 -1 2.1 gnl day 
20 hrs sunlight 
day-1 
0.35 day-' 
-3 0.11 gm day 
Mean of errors in DO predictions 
Standard deviations of errors in 
DO predictions I 
u2 1 Mean of errors in BOD predictions 1 -0.194 gm-3 
-3 
way refer to, say, gm dry mass of algae. 
**No specific units are assigned to these parameters. 
"2 
*These units are merely indicative of concentration and do not in any 
Standard deviations of errors in 
BOD predictions 
0.801 c3 
I t  h a s  been s u g g e s t e d  t h a t  such  a  " d e l a y i n g "  f a c t o r  may be due  
i n  p a r t  t o  t h e  p r e s e n c e  of  a  " s t o r e d "  phase  o f  a l g a l  p o p u l a t i o n  
mass.  The t e r m  A t  should  n o t  be  confused  w i t h  t h e  e a r l i e r  u s e  
and d e f i n i t i o n  of ~ ( t ) ,  a l t h o u g h  i n  an  a b s t r a c t  s e n s e  A t  and ~ ( t )  
produce i d e n t i c a l  t r a n s f o r m a t i o n s  o f  t ime-dependent  v a r i a b l e s .  
The t e r m  " s t o r e d "  i s  p e r h a p s  more f a m i l i a r  i n  t h e  c o n t e x t  o f  
m i c r o b i o l o g i c a l  a s p e c t s  o f  s a n i t a r y  e n g i n e e r i n g  ( s e e  f o r  example 
Busby and Andrews, 1 9 7 5 ) ;  it d e n o t e s  a  p h y s i o l o g i c a l  s t a t e  i n  
which t h e  n u t r i e n t  h a s  been absorbed  by t h e  c e l l  b u t  n o t  y e t  
m e t a b o l i z e d .  (Note  a l s o  t h a t  t h e  c o n c e n t r a t i o n s  o f  l i v e  and dead 
a l g a l  p o p u l a t i o n s  a r e  somewhat a r b i t r a r y ;  t h e y  do n o t ,  f o r  
example,  have any i n t e n t i o n a l  e q u i v a l e n c e  t o  d e t e r m i n a t i o n s  such  
a s  c h l o r o p h y l l - A  and d r y  biomass measurements . )  
5. BLACK BOX MODELING RESULTS 
5.1 Model Va 
R e c a l l i n g  Assumption ( 4 )  from s e c t i o n  3 . 2 ,  Model Va is  a  
model t h a t  d e s c r i b e s  t h e  b e h a v i o r  of t h e  downstream DO c o n c e n t r a -  
t i o n  i n d e p e n d e n t l y  of t h e  b e h a v i o r  of t h e  downstream 3OD c o n c e n t r a -  
t i o n .  I n  l i n e  w i t h  Equa t ion  ( 1 1 )  Model Va i s  g i v e n  by 
which g e n e r a t e s  t h e  r e s p o n s e  of F i g u r e  8a- - the  c o n t i n u o u s  l i n e  
response- -wi th  paramete r  v a l u e s  and e r r o r  s t a t i s t i c s  a s  i n d i c a t e d  
i n  T a b l e  7 .  
F o o t n o t e  
The p a r a m e t e r  v a l u e s  f o r  T a b l e  7  d i f f e r  s l i g h t l y  from t h o s e  
q u o t e d  e l s e w h e r e  i n  Beck (1974;  1 9 7 8 a ) .  T h i s  d i s c r e p a n c y  r e s u l t s  
from t h e  u s e  o f  two a l t e r n a t i v e  paramete r  e s t i m a t i o n  schemes: 
t h e  Maximum L i k e l i h o o d  method of  Astrom and Bohl in  (1966) ; and 
t h e  r e c u r s i v e  I n s t r u m e n t a l  V a r i a b l e  method of Young ( 1 9 7 4 ) .  The 
e s t i m a t e s  of T a b l e  7 ,  and s i m i l a r l y  t h e  e s t i m a t e s  i n  T a b l e s  8 and 
9 ,  a r e  d e r i v e d  u s i n g  t h e  l a t t e r  e s t i m a t o r .  A d d i t i o n a l  d e t a i l s  a r e  
g i v e n  i n  Appendix 5 .  
5.2 Model Vb 
I t  c a n  be shown (Beck,  1976) t h a t  t h e  p a r a m e t e r s  B 3 0  and 
B 3 1  i n  E q u a t i o n  (24)  have a  t endency  t o  be n o n s t a t i o n a r y ,  i . e . ,  
t h e y  v a r y  w i t h  t i m e .  P a r t  of t h i s  t i m e  v a r i a b i l i t y  o f  t h e  param- 
eters c a n  be accounted  f o r  by r e s t a t i n g   quat ti on (24)  a s  
In other words we are proposing that the parameters Bj0 and Bj l  
in Equation (24) are not time invariant but are better represented 
as functions of Ol(tk), the stream discharge; u O 1  is a sample mean 
OBSERVATIONS 
for: (;I) ~lo\+r~slrt*arn I )O c:orlc.c*tllrnlir~r~. Moelc.l V;I-r,or~linuous 
linc. 'Morlc.l L t~-tlasht~el int,; (h )  elc~wt~~lrc.arr~ 1301) c.or~c.c:t~lralior~. 
Motlc:l Vc.. 
Table 7 .  Parameter values ,  i n i t i a l  cond i t ions  and e r r o r  
s t a t i s t i c s  f o r  Model Va. t 





























Starting time in equation (24) 
See equation (13) 
Initial conditions for (t ) 1 k 
Mean of prediction errors 
Standard deviation of prediction errors 
-- - 
Value 






- 3 0.020 qm 
- 3  0.674 gm 
Commerr t s 
Sample mean value for stream discharge 
Mean of prediction errors 
Standard deviation of prediction errors 
value for Ol(tk) introduced to normalize the associated expressions 
in Equation (25). The results of Model Vb are summarized in 
Figure 8a--the dashed line response--and in Table 8. 
5.3 Model Vc 
No such time variability of the parameters as identified for 
the DO dynamics is discernible in the corresponding black box 
model for the downstream BOD behavior, i.e. 
The results of Model Vc, which according to the error statistics 
show a markedly better fit to the data than any of the other 
models, are given in Table 9 and in Figure 8b. The value of 
6 = 4 in Table 9 arises because of the term u3 (tk-4) in Equation 
(261, which implies that x (t4) is calculated from the measured 
value of u3 (to) . 2 
Table 9. Parameter values, error statistics and initial 
conditions for Model Vc. 
Parameter/Variable 
tk 
r j  



















Starting time in equation (26) 
Initial conditions for f2(tk) 
Mean of prediction errors 
Standard deviation of prediction errors 
6. SUMMARY OF RESULTS--SOME CRITICAL COMMENTS 
The complete set of deterministic response error statistics 
for Models I-V are given in Table 10; in addition a relative 
measure is provided for the error variance as a percentage of the 
variance of the original time-series data. 
6.1 Model Assessment 
Since Models I through IV represent a conceptual develop- 
ment of DO-BOD-algae interaction models (see Beck, 1978b) it is 
reassuring to find that parallel with this development there 
runs a successive reduction of model fitting error variances. 
For the model representation of the DO dynamics it is apparent 
that Model I1 offers, for this particular data set, a distinct 
improvement over the a priori model (Model I) but that thereafter 
Models I11 and IV provide only marginal increments in accuracy. 
It can be concluded, nevertheless, that the more significant 
improvements and alterations in the description of BOD dynamics 
in Models I11 and IV do not degrade the performance of the models 
with respect to the DO dynamics. Model IV (the a posteriori 
model), in particular, reflects a concentration of effort on 
improving the simulated BOD responses over the final period of 
the data; a reward for this effort in terms of a relatively large 
drop in the response error variance for BOD is thus, perhaps, only 
to be expected. 
Table 10. Survey of error statistics for Models I-V. 
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A d i f f e r e n t  form of  model e r r o r  sequence  t o  t h a t  g i v e n  i n  
E q u a t i o n  ( 1 2 )  c a n  be computed, which w e  s h a l l  c a l l  t h e  o n e - s t e p -  
a h e a d  p r e d i c t i o n  e r r o r s .  B r i e f l y ,  f o r  t h e  i n t e r n a l l y  d e s c r i p t i v e  
model t h e  computa t ion  i n v o l v e s  imbedding t h e  model,  E q u a t i o n s  
( 4 )  and ( 5 ) ,  w i t h i n  a  Kalman f i l t e r  f o r m u l a t i o n  from which can  
b e  g e n e r a t e d  t h e  one-s tep-ahead p r e d i c t i o n  e r r o r s ,  o r  t h e  inno-  
v a t i o n s  p r o c e s s  r e s i d u a l  e r r o r s ,  
Here t h e  one-s tep-ahead p r e d i c t i o n s  S t  (tkltk-l) = [$!;(tkltk-l)r 
8 : ( t k l t k - l ) ]  o f  downstream DO and BOD c o n c e n t r a t i o n s  a r e  d i s -  
t i n c t l y  d i f f e r e n t  from t h e  p r e d i c t i o n s  d e f i n e d  by E q u a t i o n  ( 1 0 ) .  
Whereas t h e  d e t e r m i n i s t i c  model p r e d i c t i o n s  &(tk) u t i l i z e  t h e  
measured i n f o r m a t i o n  on ~ ( t  ) and g ( t k ) ,  t h e  one-s tep-ahead k  
p r e d i c t i o n s  S' (tkltk-l) a t  t i m e  tk u t i l i z e  i n  a d d i t i o n  t h e  
measured o u t p u t  d a t a  up t o  and i n c l u d i n g  ~ ( t ~ - ~ ) .  S i m i l a r l y ,  
one-s tep-ahead p r e d i c t i o n  e r r o r  s e q u e n c e s  c a n  be d e f i n e d  and 
computed f o r  b l a c k  box model r e p r e s e n t a t i o n s .  ( F u r t h e r  d e t a i l s  
a r e  g i v e n  i n  Appendix 5 . )  
T a b l e  11 o f f e r s  a  companion view of  t h e  model ing r e s u l t s  
based  on t h e  one-s tep-ahead p r e d i c t i o n  e r r o r s .  S i n c e  i n  p r a c t i c e  
t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e s e  l a t t e r  e r r o r s  f o r  t h e  i n t e r -  
n a l l y  d e s c r i p t i v e  models a r e  dependent  upon c e r t a i n  a s s u m p t i o n s  
a b o u t  t h e  s t a t i s t i c a l  p r o p e r t i e s  and v a r i a n c e - c o v a r i a n c e s  o f  t h e  
random p r o c e s s e s  s(t) and 3 ( t k )  i n  E q u a t i o n s  ( 4 )  and ( 5 ) ,  T a b l e  
. - 
12 a d d s  t h e  n e c e s s a r y  i n f o r m a t i o n  f o r  a s s o c i a t e d  m a t r i x  s p e c i f i -  
c a t i o n s  i n  t h e  c o r r e s p o n d i n g  l i n e a r  Kalman f i l t e r .  The o v e r a l l  
p a t t e r n  o f  r e s u l t s  i n  T a b l e  11 is l a r g e l y  a  r e f l e c t i o n  o f  T a b l e  
1 0 ,  e x c e p t  n o t a b l y  i n  t h a t  t h e  BOD p r e d i c t i o n  e r r o r s  f o r  Model 
I V  have s t a t i s t i c a l  p r o p e r t i e s  which a r e  v i r t u a l l y  i d e n t i c a l  w i t h  
t h e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  e q u i v a l e n t  d e t e r m i n i s t i c  re- 
s p o n s e  e r r o r s  i n  T a b l e  10.  
i 
I 
An a l t e r n a t i v e  c r i t e r i o n  f o r  model a s s e s s m e n t ,  which p a r a l -  
1e.l.s t h e  s t u d i e s  o f  Harleman (1  978) , is  t o  r e c o n s i d e r  t h e  f i t t i n g  
e r r o r  s t a t i s t i c s  i n  t h e  l i g h t  o f  t h e  number o f  model p a r a m e t e r  
v a l u e s  t h a t  a r e  f o r m a l l y  e s t i m a t e d  from t h e  g i v e n  time-series 
d a t a .  By " f o r m a l l y "  h e r e  w e  wish  t o  draw a  c l e a r  d i s t i n c t i o n  
between t h e  u s e  o f  p a r a m e t e r  e s t i m a t i o n  a l g o r i t h m s  and t h e  est i -  
mat ion  o f  p a r a m e t e r s  by t h e  i n f o r m a l  method of  t r i a l  and e r r o r  
compar i sons  o f  d e t e r m i n i s t i c  s i m u l a t i o n s  w i t h  t h e  f i e l d  d a t a .  
I t  i s  i m p o s s i b l e ,  t h e r e f o r e ,  t o  a t g u e  a g a i n s t  t h e  d e t a i l s  o f  
T a b l e  13 from which it i s  o b s e r v e d  t h a t  hand i n  hand w i t h  a  
d e c r e a s e  o f  i n t e r n a l l y  d e s c r i p t i v e  model f i t t i n g  e r r o r  s t a t i s t i c s  
g o e s  an  i n c r e a s e  i n  t h e  number o f  model p a r a m e t e r s .  T h i s  is  n c t  
s u r p r i s i n g .  However, t h e  number o f  p a r a m e t e r s  f o r m a l l y  " f i t t e d "  
i n  e a c h  model i s  a c t u a l l y  r a t h e r  c o n s t a n t .  
Table 1 1 .  Survey of one-step-ahead prediction error 
statistics for Models I-V. 
I DO 1 BOD 
One-S tep-  
Ahead  P r e -  
d i c t i o n  
E r r o r s  
O r i g i n a l  
D a t a  
From the foregoing analysis the performance of the black 
box model for BOD (Model Vc) is apparently remarkably better than 
that of the internally descriptive models. In the case of the 
black box model for DO the introduction of time-varying coeffi- 
cients for Model Vb also allows a substantial improvement upon 
the accuracy of Model Va. Yet the very use of words like "better" 
and "substantial improvement" prompts the questions of how, in 
model assessment, one determines which model is "best" i n  some 
s e n s e ,  upon what criteria should this judgment be based, and can 
we measure whether a "significant" addition of model complexity 
is matched by a correspondingly "significant" addition in model 
accuracy. Quite apart from their more fundamental implications, 
certain aspects of these questions may be answered by reasoning 
that the choice of the correct model depends upon the intended 
model application. On this account many would argue that black 
box models are particularly ill-suited to applications such as 
long-term planning and management or investigation of the future 
impact of new engineering structures on river water quality. One 
would certainly not advocate the use of black box models--since 
they tend to be data-specific--if they are to be used to make 
predictions outside the range of previously observed conditions, 
i.e., if the sample  of fitting data does not approximate the 
p o p u Z a t i o n  of events that are possible. For real-time forecasting 
(and control), however, black box models have much more attractive 
prospects (see for example Beck, 1978~); and as working hypotheses 
about observed cause/effect relationships there is much to be 
gained from the use of black box models (Beck, 1978b). 
- 3 
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Table 12. Covariance matrix specifications for generation of one-step-ahead 
prediction errors with a linear Kalman filter (Models I -+ IV only); 
all matrices are assumed diagonal and, where applicable, time- 
invariant. 
State , Diagonal Elements 
A Priori Estimation Error Covariance System Noise , Observation Noise Covariance Covariance 
T a b l e  13.  Numbers of  f o r m a l l y  e s t i m a t e d  p a r a m e t e r  




I 4 Extended Kalman 
Filter (after 
Jazwinski, 1970) 
Algorithm used primarily 
for model structure 
identification 
9 
I 1 I  1 4 1  Extended Kalman Filter 







values selected exter- 
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I t  i s  s t i l l  u s e f u l ,  n e v e r t h e l e s s ,  t o  c o n s i d e r  o t h e r  a s p e c t s  
o f  t h e  q u e s t i o n s  posed  above i n  a  f a i r l y  g e n e r a l ,  a b s t r a c t  c o n t e x t .  
Most s y s t e m s  a n a l y s t s  a r e  aware o f  t h e  i n t u i t i v e  n o t i o n  t h a t  t h e  
q u a l i t y  o f  a  model i s  judged by some b a l a n c e  between model a c c u r a c y  
and  model c o m p l e x i t y .  So t o  a s s e s s  t h e  models  p r e s e n t e d  h e r e  on 
t h e  b a s i s  o f  f i t t i n g  e r r o r  s t a t i s t i c s  a l o n e  assumes a  somewhat 
narrow view o f  model a s s e s s m e n t ,  e s p e c i a l l y  when t h e  sample number 
o f  o b s e r v a t i o n s  i s  p r o b a b l y  t o o  s m a l l  t o  l e n d  s i g n i f i c a n t  meaning 
t o  such  a n  a n a l y s i s  o f  v a r i a n c e .  The c r u c i a l  problem,  of  c o u r s e ,  
i s  t h e  development  o f  a  more r e p r e s e n t a t i v e  measure  which can be 
a p p l i e d  w i t h  e a s e  and which a l l o w s  t h e  comparison o f  q u i t e  d i f f e r -  
e n t l y  s t r u c t u r e d  models ,  e . g . ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  d i f f e r e n c e  e q u a t i o n s .  I n  t h i s  
r e s p e c t  r e c e n t  r e s u l t s  of  Maciejowski  (1977)  a r e  p o t e n t i a l l y  o f  
c o n s i d e r a b l e  i n t e r e s t .  By u s i n g  t h e  t h e o r y  o f  a l g o r i t h m s  and  by 
borrowing i d e a s  from a l g o r i t h m i c  i n f o r m a t i o n  t h e o r y  Maciejowski  
i s  a b l e  t o  c o n s t r u c t  a  measure  o f  model "goodness"  d e r i v e d  from 
a  comparison o f  t h e  l e n g t h s  o f  two s p e c i a l l y  d e f i n e d  computer 
programs.  The f i r s t  program,  o r  b a s e  program, s imply  g e n e r a t e s  
a  look-up t a b l e  f o r  t h e  o r i g i n a l  d a t a  sequence .  The second program 
embodies t h e  a l g o r i t h m s  t h a t  compute t h e  s e t  o f  model p r e d i c t i o n s  
Instrumental Vari- 




and it a l s o  g e n e r a t e s  a  look-up t a b l e  o f  t h e  a s s o c i a t e d  model 
f i t t i n g  e r r o r s ,  i . e . ,  t h e  l e n g t h  o f  t h i s  second program i s  a  func-  
t i o n  o f  model complex i ty  and model a c c u r a c y .  Thus t h e  s h o r t e r  
t h e  l e n g t h  of  t h e  c a n d i d a t e  m o d e l ' s  program t h e  b e t t e r  i s  s a i d  
t o  be t h e  c a p a b i l i t y  o f  t h a t  model t o  r e p r e s e n t  t h e  o b s e r v e d  
p r o c e s s  b e h a v i o r .  I t  is  wor th  n o t i n g ,  t h e n ,  t h a t  f o r  t h e  r e s t r i c t -  
e d  c a s e  o f  Model Va and Vc a s  a  j o i n t  model o f  DO and BOD dynam- 
ics i n  t h e  Cam, Maciejowski  ( 1 9 7 7 )  a r r i v e s  a t  t h e  f o l l o w i n g  
c o n c l u s i o n :  t h a t  (depending  upon c e r t a i n  t e c h n i c a l  d e t a i l s  o f  
program c o d i n g )  a  model w i t h  e q u a l l y  good " p r e d i c t i v e  power" 
would be one t h a t  m e r e l y  draws a  s t r a i g h t  l i n e ,  t h e  r e s p e c t i v e  
sample a v e r a g e  v a l u e s ,  t h r o u g h  t h e  downstream DO and BOD d a t a  
p o i n t s .  
6 . 2  Accuracy of  t h e  Models a s  R e p r e s e n t a t i o n s  o f  t h e  P h y s i c a l  
System* 
A p a r t  from s u c h  p o r t e n t o u s  s t a t e m e n t s  a s  t h e  above on t h i s  
p a r t i c u l a r  model ing e x e r c i s e ,  t h e  major  g r o u n d s  f o r  c r i t i c a l  
comment and  a p p r a i s a l  c o n c e r n  t h e  b i o l o g i c a l / e c o l o g i c a 1  c o n t e n t  
o f  Model IV, t h i s  model b e i n g  t h e  end p r o d u c t  o f  t h e  a n a l y s i s .  
F i r s t l y ,  t h e  e c o l o g y ,  s u c h  a s  it i s ,  i s  c l e a r l y  n a i v e  and 
macroscopic  i n  i t s  a p p r o x i m a t i o n  t o  r e a l i t y .  The b i o l o g i c a l  p r o -  
cesses of  d e a t h ,  decay ,  and r e d i s s o l u t i o n  o f  dead  a l g a l  m a t e r i a l  
a r e ,  i n  p a r t i c u l a r ,  t h e  weakes t  h y p o t h e s e s  i n  t h e  model.  I f  t h e  
dead a l g a l  m a t e r i a l  d o e s  i n d e e d  l e a d  t o  t h e  p r o d u c t i o n  o f  a n  
a d d i t i o n a l  BOD l o a d  i n  t h e  r i v e r ,  t h e n  Model I V  i s  b e t t e r  a t  p r e -  
d i c t i n g  t h i s  e f f e c t  o v e r  t h e  l a t t e r  p e r i o d  o f  t h e  e x p e r i m e n t  t h a n  
any o f  t h e  o t h e r  i n t e r n a l l y  d e s c r i p t i v e  models .  I t  i s  s u s p e c t e d  
t h a t  t h e  p r imary  f a c t o r  i n  p r o v i d i n g  t h e  b e t t e r  p r e d i c t i o n  i s  
t h e  i n c l u s i o n  o f  s t r e a m  d i s c h a r g e  i n  t h e  mass b a l a n c e  f o r  t h e  
dead  a l g a l  p o p u l a t i o n ,  a l t h o u g h  it i s  n o t  e v i d e n t  how t h e  e f f e c t  
migh t  be r e l a t e d  t o  t h e  low f l o w s  dominant  a t  t h a t  t i m e .  I n  any 
e v e n t ,  t h e  i s s u e s  of  why and whether  it is  dead  a l g a l  m a t t e r  i n  
t h e  r i v e r  t h a t  c a u s e s  t h e  a p p a r e n t l y  h i g h  downstream BOD'S c a n n o t  
be r e s o l v e d  on t h e  b a s i s  o f  t h e  f i e l d  d a t a  f o r  two r e a s o n s :  no 
measurements  o f  p h y t o p l a n k t o n  i n  t h e  r i v e r  a r e  a v a i l a b l e ;  and 
a l g a l  r e s p i r a t i o n  i n  t h e  f i v e - d a y  B O D  b o t t l e  t es t  w i l l  e q u a l l y  
g i v e  rise t o  a  h i g h e r  BOD measurement.  
Secondly ,  t h e  p o s s i b i l i t y  o f  n i t r i f i c a t i o n  i n  t h e  r i v e r  
c a n n o t  be d i s c o u n t e d  and t h i s  t o o  m i g h t  g i v e  rise t o  e r r o n e o u s l y  
h i g h  ca rbonaceous  BOD o b s e r v a t i o n s  a t  t h e  downstream system bound- 
a r y .  Ev idence  o b t a i n e d  d u r i n g  t h e  e x p e r i m e n t ,  however,  i n d i c a t e s  
t h a t  p a t t e r n s  o f  oxygen u p t a k e  r a t e s  i n  t h e  BOD t es t  a r e  e s s e n -  
t i a l l y  s i m i l a r  f o r  samples  t a k e n  from b o t h  t h e  ups t ream and t h e  
downstream l o c a t i o n s .  From t h i s  it would b e  d i f f i c u l t  t o  e s t a b l i s h  
whe ther  n i t r i f i c a t i o n  was or was n o t  s i g n i f i c a n t ;  b u t  n e i t h e r  
*See a l s o  Appendix 3 f o r  f u r t h e r  comments on  d i u r n a l  v a r i a t i o n s  
and s e d i m e n t a t i o n  p r o c e s s e s  i n  t h e  R i v e r  Cam. 
s h o u l d  it be conc luded  t h a t  n i t r i f i c a t i o n  is  r e a l l y  r e s p o n s i b l e  
f o r  t h e  e f f e c t s  d e s c r i b e d  h e r e  by t h e  i n t r o d u c t i o n  of  l i v e  and 
dead a l g a l  p o p u l a t i o n  b a l a n c e s .  L a t e r  e v i d e n c e  from a  s i m i l a r  
e x p e r i m e n t  i n  1 9 7 5 ,  an e x c e p t i o n a l l y  h o t  summer, s u g g e s t s  b o t h  
t h a t  t h e  sewage works o b t a i n s  a  h i g h  l e v e l  o f  n i t r i f i c a t i o n  and 
c o u l d  t h e r e f o r e  s e e d  t h e  r i v e r  w i t h  n i t r i f i e r s ,  and t h a t  f a c t o r s  
r e l a t i n g  t o  t h e  aqueous n i t r o g e n  c y c l e  a r e  o f  c o n s i d e r a b l e  impor- 
t a n c e  i n  t h i s  s t r e t c h  of  r i v e r .  
T h i r d l y ,  t h e  form o f  t h e  Monod growth r a t e  f u n c t i o n  i n  Model 
I V ,  and t h e  j u s t i f i c a t i o n  f o r  i t s  i n t r o d u c t i o n ,  r e q u i r e  c a r e f u l  
c o n s i d e r a t i o n .  For  example,  t h e  r e l a t i v e  magni tudes  o f  t h e  s a t u -  
r a t i o n  c o n s t a n t ,  a 2 3 ,  and t h e  t y p i c a l  v a l u e s  f o r  s u n l i g h t  condi -  
t i o n s  imply t h a t  growth r a t e s  a r e  i n  p r a c t i c e  a p p r o x i m a t e l y  
l i n e a r l y  dependent  upon u '  ( t )  . Is  t h e r e ,  t h e r e f o r e ,  any v a l i d  3  
r e a s o n  f o r  r e t a i n i n g  t h e  a d d i t i o n a l  complex i ty  of  t h e  Monod 
f u n c t i o n  i n  t h e  model? The d e s c r i p t i o n  o f  a l g a l  growth k i n e t i c s  
i s  n o t  s t r i c t l y  s p e a k i n g  t h a t  of  Monod growth k i n e t i c s  s i n c e  
it i s  i n d e p e n d e n t  o f  t h e  c o n c e n t r a t i o n  o f  l i v e  a l g a e .  I n  a d d i t i o n ,  
is it f e a s i b l e  t h a t  t h e  growth c y c l e  of a l g a e  might  be b e t t e r  
approx imated  by t h e  " c o n c e p t u a l  a n a l o g "  o f  t h r e e ,  a s  opposed t o  
two, low-pass  f i l t e r s  i n  s e r i e s ?  W e  might  h y p o t h e s i z e  t h a t  t h e  
o u t p u t s  o f  t h e  t h r e e  f i l t e r s  a r e  e q u i v a l e n t  t o  " s t o r e d " ,  " a c t i v e "  
and "dead"  p h a s e s  o f  t h e  a l g a l  p o p u l a t i o n  where t h e  s t o r e d  a l g a e ,  
r e p r e s e n t i n g  a  k ind  of  n a s c e n t  c e l l  p h y s i o l o g i c a l  s t a t e ,  d o  n o t  
i n t e r a c t  w i t h  t h e  DO and BOD dynamics b u t  have a  growth r a t e  which 
i s  a  f u n c t i o n  o f  s u n l i g h t  c o n d i t i o n s  and t h e  c o n c e n t r a t i o n  o f  
t h e  a c t i v e  p o p u l a t i o n ;  o t h e r w i s e  t h e  a c t i v e  and dead a l g a l  masses  
f u l f i l  t h e  r o l e s  o f  l i v e  and dead  a l g a e ,  r e s p e c t i v e l y ,  a s  i n  
Model I V ,  w i t h  t h e  r a t e  of  p r o d u c t i o n  of  t h e  a c t i v e  s t a t e  b e i n g  
a  f u n c t i o n  o f  t h e  c o n c e n t r a t i o n  of t h e  s t o r e d  a l g a l  m a t t e r  and  
n o t  a  f u n c t i o n  o f  s u n l i g h t  c o n d i t i o n s .  Such h y p o t h e s e s  would, 
i n  p r i n c i p l e ,  g i v e  some j u s t i f i c a t i o n  f o r  t h e  d a t a  m a n i p u l a t i o n  
o f  u s i n g  u; ( t)  i n s t e a d  o f  u3 (t) i n  t h e  a l g a l  growth r a t e  f u n c t i o n  
of Model I V .  
F o u r t h l y ,  on p o i n t s  of  somewhat f i n e r  d e t a i l ,  t h e  f i e l d  d a t a  
do  n o t  p e r m i t  any r e s o l u t i o n  of whe ther  t h e  p h o t o s y n t h e t i c  DO 
p r o d u c t i o n  i s  d u e  t o  bed-a t t ached  o r  f l o a t i n g  a l g a e ;  t h e  assump- 
t i o n  h e r e  h a s  been t h a t  it i s  t h e  l a t t e r .  The e v i d e n c e  a v a i l a b l e  
would c e r t a i n l y  s u g g e s t  t h a t  s t r e a m  f l o w - r a t e  i s  i m p o r t a n t  i n  
d e t e r m i n i n g  t h e  amount o f  DO produced by p h o t o s y n t h e s i s .  For  
i n s t a n c e ,  i m p l i c i t  i n  Model Vb--notably a  b l a c k  box model-- is  
t h e  r e l a t i o n s h i p  t h a t  a s  f l o w - r a t e  d e c r e a s e s ,  t h e  s u n l i g h t  i n c i -  
d e n t  on t h e  r i v e r  p r o d u c e s  a  p r o p o r t i o n a t e l y  h i g h e r  amount o f  
d i s s o l v e d  oxygen. But beyond t h i s  k i n d  o f  macroscopic  c a u s e -  
e f f e c t  r e l a t i o n s h i p  it is  n o t  e a s y  t o  d i s t i n g u i s h  between t h e  
r e l a t i v e  s i g n i f i c a n c e s  of  a t t a c h e d  o r  f l o a t i n g  a l g a e ,  even though 
a  c o r o l l a r y  o f  t h e  proposed r e l a t i o n s h i p  would be a  dependence 
o f  p h o t o s y n t h e s i s  r a t e s  on t u r b i d i t y .  
Next ,  i n  c o n n e c t i o n  w i t h  more f a m i l i a r  a s p e c t s  o f  DO-BOD 
models it c a n  be a rgued  t h a t  a 2  and a 3 ,  t h e  r e a e r a t i o n  r a t e  and 
the BOD decay rate constants respectively, should properly be 
accounted for as functions of flow rate (for a2 only) and tempera- 
ture. The estimated evaluation of the parameter a{(t) in Table 
3 should also be questioned. The most probable reasons for the 
apparently higher initial estimated rates of oxygen consumption 
by bottom mud deposits are as follows: 
- That the BOD measurements for to + t13 are systematically 
biased, being lower than the true values of in-stream BOD 
concentrations (see Appendix 1); 
- That the downstream DO sensor had been drifting prior to 
day t20 when it was recalibrated--there are, however, no 
records now available with which to check this supposition. 
Finally, as mentioned in the introductory section of the 
paper, the approach adopted for modeling transport and mixing 
properties of the river reach is not the approach commonly encoun- 
tered in the literature. Further to the discussion of section 3.1 
it is possible that alternative approximations to the hydrodynami- 
cal regime of the river, incorporating techniques such as that 
outlined in Appendix 4, may give both better characterizations 
of the experimental data and different insights to the observed 
ecological/biochemical behavior. Since the fundamental philosophy 
underlying the development of Model IV from Model I is one that 
embodies a large measure of confidence in the assumptions of the 
a priori model, a re-examination of these assumptions would lead 
to a re-examination of all the subsequent models. Expectations 
of substantially different results, nevertheless, should perhaps 
not be too high. The a priori model, Model I, can be said to 
simulate observed behavior adequately except for certain quite 
specific intervals of the experiment. Thus when expressions for 
the sources and sink terms of Model I are cast within a different 
set of assumptions about transport and mixing properties of the 
river, the net result might only be a change in the estimated 
values for the associated parameters a 2, a3, a, (t) . Thereafter, 
our interpretations of the desired structural modifications of 
Model I, although not necessarily the additional parameter values, 
might remain essentially similar to those made here. 
7. CONCLUSIONS 
The objectives of this paper have been: 
- The dissemination of field data which can be used for 
the verification of DO-BOD interaction models; and 
- The comparison of a number of such (dynamic) models which 
have been derived by reference to those field data. 
The opportunity has also been taken to present a summarizing and 
concluding statement on modeling studies with respect to the 
Cam-1972 exper iment .  Many q u e s t i o n s  remain u n r e s o l v e d  and it i s  
hoped t h a t  t h e  i n t e r e s t  o f  o t h e r s  w i l l  be s u f f i c i e n t l y  s t i m u l a t e d  
t o  p r o v i d e  a l t e r n a t i v e  answers .  Some of t h e s e  q u e s t i o n s  c o n c e r n  
t h e  f o l l o w i n g :  
- The development  of t e r m s  f o r  e x p r e s s i n g  t h e  decay ,  
r e d i s s o l u t i o n  and e x e r t i o n  o f  a  BOD by dead  a l g a l  m a t e r i a l ;  
- The r e l a t i o n s h i p  f o r  growth of  a n  a l g a l  p o p u l a t i o n  w i t h  
s u n l i g h t  c o n d i t i o n s  a s  a  r a t e  l i m i t i n g  f a c t o r ;  
- The p o s s i b i l i t i e s  f o r  d i f f e r e n t  i n t e r p r e t a t i o n s  o f  t h e  
o b s e r v e d  b e h a v i o r  o f  DO-BOD i n t e r a c t i o n  when d i f f e r e n t  
a s s u m p t i o n s  a r e  made a b o u t  t h e  t r a n s p o r t  and d i s p e r s i v e  
p r o p e r t i e s  of  t h e  r e a c h  of  r i v e r .  
In  t h i s  c o n t e x t ,  one of t h e  problems of working w i t h  t h e  same s e t  
o f  f i e l d  d a t a  o v e r  a n  ex tended  p e r i o d  of  t i m e  is  t h a t  t h e  a n a l y s t  
becomes b l i n d  t o  c e r t a i n  new avenues  o f  t h o u g h t .  
On t h e  o t h e r  hand, any e x p e r i m e n t a l  d a t a ,  i f  t h e y  a r e  c a r e -  
f u l l y  c o l l e c t e d ,  a r e  worthy of  a  b r o a d l y  based  a n a l y s i s  which 
e x p l o r e s  d i f f e r i n g  ways o f  i d e n t i f y i n g  t h e  b a s i c  c a u s e / e f f e c t  
mechanisms govern ing  t h e  s y s t e m ' s  observed  b e h a v i o r .  The problem 
i n  t h i s  c o n t e x t ,  however, is t h a t  t h e  model ing e x e r c i s e  e v e n t u a l l y  
a p p r o a c h e s  t h e  l i m i t s  i n  t h e  a c c u r a c y  and scope ( i . e .  t h e  number 
o f  s t a t e  v a r i a b l e s  measured)  of t h e  f i e l d  d a t a .  When t h i s  l i m i t i n g  
p o i n t  h a s  been r e a c h e d ,  what i s  r e a l l y  r e q u i r e d  is  a n o t h e r ,  b e t t e r  
d e s i g n e d ,  and more comprehensive e x p e r i m e n t .  F o r  t h e  Cam such  an 
exper iment  was conduc ted  i n  t h e  summer of 1975 and t h e  a s s o c i a t e d  
d a t a  a r e  c u r r e n t l y  r e c e i v i n g  a  p r e l i m i n a r y  a n a l y s i s .  
I t  i s  hoped t h a t  t h e  Cam-1972 d a t a  w i l l  have some u s e f u l n e s s  
beyond t h e  r e q u i r e m e n t s  o f  model v e r i f i c a t i o n  s t u d i e s .  Perhaps  
t h i s  u s e f u l n e s s  w i l l  be r a t h e r  modest f o r  t h e  p u r p o s e s  o f  i n v e s t i -  
g a t i n g  o p e r a t i o n a l  c o n t r o l  schemes,  which,  w i t h  r e g a r d  t o  w a t e r  
q u a l i t y  management i n  r i v e r  b a s i n s ,  a w a i t  a  number o f  t e c h n i c a l  
deve lopments  b e f o r e  t h e y  c a n  have a  p r o p e r  f o c u s  on r e a l i t y .  The 
a r e a  o f  sys tem i d e n t i f i c a t i o n  and paramete r  e s t i m a t i o n  i s  p r o b a b l y  
where t h e  d a t a  c a n  be used  t o  t h e  g r e a t e s t  a d v a n t a g e .  A d d i t i o n a l  
s t u d i e s  o f  t h e  Cam-19.72 d a t a  by Young and Whitehead ( 1 9 7 7 ) ,  
Whitehead ( 1 9 7 8 ) ,  Ivakhnenko e t  a l .  ( 1 9 7 7 ) ,  Moore and J o n e s  (1978)  
and Tong (1978)  a r e  a l r e a d y  e v i d e n c e  of t h i s .  And f o r  t h o s e  l e s s  
f a m i l i a r  w i t h  t h e  f i e l d  o f  s y s t e m  i d e n t i f i c a t i o n  a  s e t  o f  s u i t a b l e  
f i e l d  d a t a  f o r  a n a l y s i s  can  p r o v i d e  t h e  b e s t  means of a c q u i r i n g  
knowledge of t e c h n i q u e s  such  a s  Extended Kalman F i l t e r i n g ,  Maximum 
L i k e l i h o o d  and I n s t r u m e n t a l  V a r i a b l e s .  
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Table A1 (contd.) 
asampled d a t a  t ime ,  f o r  modeling purposes  ( d a y ) .  
bDate,  w i t h  r e s p e c t  t o  1972. 
-3 
Cupst ream DO c o n c e n t r a t i o n  ( q m  ) . 
-3 d ~ p s t r e a r n  BOD c o n c e n t r a t i o n  ( q m  ) . 
-3 
e ~ o w n s t r e a m  DO c o n c e n t r a t i o n  ( q m  ) .  
- 3  
f ~ o w n s t r e a r n  BOD c o n c e n t r a t i o n  (gm ) . 
5 3  -1 g ~ t r e a r n  d i s c h a r g e  (10 m day  ) . 
Table A1 (contd.) 
h ~ t r e a m  temperature ( O C )  . 
i Sunlight  i n c i d e n t  upon l o c a l  a r e a  ( h r s  p e r  day) 
' ~ a i n f a l l  In  l o c a l  a r e a  (mm).  
kThe under l ined  value a t  t14 denotes  a  va lue  i n t e r p o l a t e d  f o r  
a  missing downstream W concent ra t ion  observa t ion .  
Notes: The measured va lues  f o r  BOD concent ra t ion ,  columns 4 and 6 ,  during 
to + t13 ( i n c l u s i v e )  a r e  suspected t o  be underest imates  of t h e  
t r u e  stream BOD condi t ions .  These measurements a r e  der ived  on t h e  
b a s i s  of ca r ry ing  o u t  t h e  five-day BOD b o t t l e  t e s t  on d i l u t e d  samples 
of r i v e r  water ;  f o r  t h e  i n i t i a l  p e r i o d  of t h e  experiment it had been 
a n t i c i p a t e d  t h a t  stream BOD l e v e l s  might be q u i t e  high. I n  t h e  even t  
t h i s  p recau t ionary  measure was unnecessary and subsequent comparisons 
of BOD'S obtained from d i l u t e d  and undiluted samples i n d i c a t e d  t h a t  
ana lyses  of t h e  d i l u t e d  samples gave c o n s i s t e n t l y  low BOD readings.  
This observat ion is p a r t i a l l y  confirmed when BOD measurements of 
t h e  sewage works e f f l u e n t  a r e  s u b s t i t u t e d  f o r  o t h e r  modeling pur- 
poses ( s e e  Appendix 3 ) .  
These d a t a  a r e  a v a i l a b l e  on reques t  and c o n s i s t  of  t h e  fol lowing:  
a )  three-hourly sampled measurements of upstream and downstream DO 
concent ra t ion ,  and stream temperature,  s t a r t i n g  a t  12.00 hrs  on 
June 6 t h  and f i n i s h i n g  a t  18.00 h r s  on August 25th;  b )  a c t u a l  sampling 
t imes  f o r  upstream and downstream BOD concent ra t ions ,  cor rec ted  t o  
t h e  n e a r e s t  three-hourly sampling i n s t a n t ;  c )  once d a i l y  averaged 
v a l u e s  f o r  t h e  volumetr ic  f low r a t e  and BOD concent ra t ion  of t h e  
sewage work- discharge over  t h e  experimental per iod .  
Appendix 2 
Cross-Sectional Dimensions of the River Cam 
Table A2 gives (approximately) rectangular cross-sectional 
dimensions for the channel of the River Cam at roughly 200 m 
intervals downstream from the upstream reach boundary. Two sets 
of dimensions at the downstream boundary are provided since at 
this point the channel divides to allow the main discharge to 
pass over a weir, while a second channel is used for navigation 
through a lock. The figures in parentheses denote the channel 
leading to the weir; the other figures represent a cross section 
approximating the dimensions of the two channels combined. 
Note that with respect to the reach length the figure of 
4.7 km has become enshrined in earlier publications; the correct 
figure is the one given in Table A2. Note also that for modeling 
Table A2. Cross-sectional dimensions for channel of the River Cam 






























Rectangular Cross Section, 
Breadth X Depth 
(m) 
22.9 x 1.33 
19.7 x 1.33 
22.4 x 1.05 
18 .0  x ' 1 . 6 2  
17.4 X 1.43 
18.9 x 1.52 
20.4 x 1.52 
18.0 x 1.33 
19.2 x 1.52 
18 .1  x 1.43 
17.5 x 1.62 
18.8 x 1.62 
19.5 x 1.52 
20.7 X 1.33 
22.1 x 1.43 
21.3 x 1.43 
27.6 x 1.52 
19 .2  x 1.62 
24.5 x 1.43 
27.7 x 1.62 
29.6 X 1.33 
28.0 x 1.43 
32 .0  x 1.43 
50.4 x 1.29 
(24 .2  x 1.05) 
5 3 purposes, i.e. in Table 3, the value of 1 .51  x 1 0  m has been 
substituted for the volume of water held in the reach; on the 
basis of the figures of Table A2, the volumetric holdup of water 
5 3 is calculated as 1 . 4 8  x 1 0  m . This discrepancy arises because 
the more accurate details of Table A2 were not computed until 
after a more comprehensive experiment on the Cam in 1975 .  All 
dimensions in Table A2 are, of course, subject to the assumption 
of a nominal head of water in the reach. 
Appendix 3 
Notes  o n  P r e v i o u s l y  P u b l i s h e d  Works and Some Unpubl ished Work 
The p u r p o s e  o f  t h i s  Appendix i s  t o  supp lement  t h e  b r i e f  
a n a l y s i s  of t h e  models  and mode l ing  r e s u l t s  of t h e  main t e x t  by 
summariz ing,  i n  a b s t r a c t  fo rm,  t h e  d e t a i l s  o f  p r e v i o u s l y  p u b l i s h e d  
works and some u n p u b l i s h e d  s t u d i e s  on t h e  Cam-1972 e x p e r i m e n t .  
The o r d e r  o f  t h e  a r t i c l e s  l i s t e d  f o l l o w s  t h e  deve lopment  of t h e  
s u b j e c t  i n  p r e f e r e n c e  t o  t h e  c h r o n o l o g i c a l  development  o f  t h e  
models .  
1 .  The M o d e l l i n g  o f  DissoZued Oxygen i n  a  Non-Tidal  S t r e a m  
(Beck,  1 97 8 a )  
T h i s  a r t i c l e  ( w r i t t e n  i n  1975) r e v i e w s  DO-BOD i n t e r a c t i o n  
models  a s  t h e y  have e v o l v e d  f rom t h e  c l a s s i c a l  s t u d i e s  o f  S t r e e t e r  
and P h e l p s  ( 1 9 2 5 ) .  The a r t i c l e  is  somewhat r e s t r i c t e d  i n  t e r m s  
of  a  l i t e r a t u r e  r e v i e w  s i n c e  it f o c u s e s  a t t e n t i o n  on a  s a n i t a r y  
e n g i n e e r i n g  approach  t o  w a t e r  q u a l i t y  mode l ing ;  it i s  t h u s  l a c k i n g  
i n  i t s  t r e a t m e n t  o f  s i m i l a r  l i n e s  o f  i n v e s t i g a t i o n  o r i g i n a t i n g  
f rom t h e  p o i n t  o f  v iew o f  e c o l o g y .  Such e c o l o g i c a l  models a s  a r e  
a v a i l a b l e ,  however,  have  been g e n e r a l l y  a p p l i e d  t o  l a r g e  e s t u a r i n e  
s y s t e m s  r a t h e r  t h a n  t o  s m a l l e r  f r e s h w a t e r  r i v e r s .  
2 .  A Dynamic Model f o r  D O - B O D  R e Z a t i o n s h i p s  i n  a  Non-Tidal  S t ream 
(Beck and Young, 1975) 
The p u r p o s e  o f  t h i s  p a p e r  i s  t o  p r e s e n t  t h e  a rguments  l e a d i n g  
t o  t h e  f o r m u l a t i o n  o f  Model I1 ( s e c t i o n  4 .2 )  and t o  show how t h i s  
model g i v e s  a  b e t t e r  f i t  t o  t h e  e x p e r i m e n t a l  f i e l d  d a t a  t h a n  t h e  
a  p r i o r i  model,  Model I ( s e c t i o n  4 . 1 ) .  An i n t e r p r e t a t i o n  o f  t h e  
s u s t a i n e d  s u n l i g h t  e f f e c t  migh t  be  a s  f o l l o w s .  Sewage e f f l u e n t  
e n t e r i n g  t h e  r i v e r  j u s t  u p s t r e a m  of  t h e  e x p e r i m e n t a l  s y s t e m  c r e a t e s  
a  n u t r i e n t  r i c h  env i ronment  i n  which p o p u l a t i o n s  o f  a l g a e  may 
expand r a p i d l y  t o  s i g n i f i c a n t  p r o p o r t i o n s  u n d e r  t h e  s t i m u l u s  o f  
Longer p e r i o d s  o f  warm, sunny w e a t h e r .  Model v e r i f i c a t i o n  and 
p a r a m e t e r  e s t i m a t i o n  a r e  t r e a t e d  i n  a  p u r e l y  d e t e r m i n i s t i c  f rame-  
work a s  a  m a t t e r  o f  r e p e a t e d  " t r i a l  and e r r o r "  s i m u l a t i o n  compari -  
s o n s  w i t h  t h e  f i e l d  d a t a .  
3 .  S y s t e m a t i c  I d e n t i f i c a t i o n  o f  D O - B O D  Model S t r u c t u r e  
(Beck and Young, 1976) 
T h i s  p a p e r  i s  t h e  s t a t i s t i c a l  c o u n t e r p a r t  o f  p a p e r  2  above.  
I t  c o n c e n t r a t e s  on t h e  t e c h n i c a l  problem of  model s t r u c t u r e  i d e n t i -  
f i c a t i o n  a s  d e f i n e d  w i t h i n  t h e  o v e r a l l  c o n t e x t  o f  sys tem i d e n t i f i -  
c a t i o n  and p a r a m e t e r  e s t i m a t i o n .  Model s t r u c t u r e  i d e n t i f i c a t i o n  
i s  t h e  p r o c e s s  o f  e s t a b l i s h i n g ,  by r e f e r e n c e  t o  t h e  f i e l d  d a t a ,  
t h a t  t h e  model i n c l u d e s  a l l  t h e  s i g n i f i c a n t  p h y s i c a l ,  c h e m i c a l  
and b i o l o g i c a l  r e l a t i o n s h i p s  between v a r i a b l e s ;  and f u r t h e r ,  t h a t  
t h e s e  r e l a t i o n s h i p s  have  t h e  c o r r e c t  form,  f o r  example ,  t h e  form 
o f  f i r s t  o r d e r  l i n e a r  g rowth  k i n e t i c s  o r  t h e  form o f  Monod growth 
k i n e t i c s .  (The n e x t  s t a g e  o f  a n a l y s i s ,  p a r a m e t e r  e s t i m a t i o n ,  
would t h e n  a t t e m p t ,  f o r  example ,  t o  d e r i v e  a c c u r a t e  e s t i m a t e s  o f  
e i t h e r  t h e  l i n e a r  g rowth  r a t e  c o n s t a n t  o r  t h e  s a t u r a t i o n  c o n s t a n t  
and maximum s p e c i f i c  growth r a t e  c o n s t a n t  o f  t h e  Monod f u n c t i o n . )  
The p a r t i c u l a r  method employed t o  s o l v e  t h e  model s t r u c t u r e  i d e n t i -  
f i c a t i o n  p rob lem i n  t h i s  p a p e r  is  t h e  Extended Kalman F i l t e r  (EFK). 
I n  f a c t  t h e r e  i s  n o  e a s y  way o f  i d e n t i f y i n g  a  c o r r e c t  s t r u c t u r e  
f o r  i n t e r n a l l y  d e s c r i p t i v e  dynamic models  and s u c c e s s  i n  t h e  a p p l i -  
c a t i o n  o f  t h e  EFK depends  s t r o n g l y  on a  r e a s o n a b l e  a  p r i o r i  know- 
l e d g e  o f  t h e  model p a r a m e t e r  v a l u e s ,  such  a s  t h o s e  e s t i m a t e s  
o b t a i n e d  i n  p a p e r  2. 
4. The Identification of Algal Population Dynamics in a 
Freshwater Stream 
(Beck,  1975)  
T h i s  p a p e r  d e s c r i b e s  t h e  r e s u l t s  o f  a p p l y i n g  Maximum L i k e l i -  
hood (ML) p a r a m e t e r  e s t i m a t i o n  t o  Model 111, a n  i n t e r n a l l y  de-  
s c r i p t i v e  model,  and  t o  t h e  b l a c k  box models  Va and  V c .  Using 
a rguments  p a r a l l e l  t o  t h o s e  f o r  t h e  d e s c r i p t i o n  o f  mic roorgan i sm 
c u l t u r e s  i n  t h e  w a s t e w a t e r  t r e a t m e n t  p r o c e s s e s  o f  a c t i v a t e d  s l u d g e  
and  a n a e r o b i c  d i g e s t i o n ,  t h e  p a p e r  b r i n g s  t o g e t h e r  b o t h  e m p i r i c a l  
e v i d e n c e  and t h e  identification/estimation r e s u l t s  f o r  t h e  syn-  
t h e s i s  o f  Model I V .  Model I V  i t s e l f  i s  v e r i f i e d ,  and i t s  p a r a m e t e r  
v a l u e s  a r e  e s t i m a t e d ,  by s i m p l e  t r i a l  and e r r o r  d e t e r m i n i s t i c  
s i m u l a t i o n  methods.  The p a p e r  l i n k s  t o g e t h e r  iblodel I1 ( f rom 
p a p e r s  2  and  3 )  and Model I V  and shows how t h i s  c a n  be  a c h i e v e d  
t h r o u g h  t h e  a n a l y s i s  o f  Models 111, Va and Vc. 
5. Maximum Likelihood Identification Applied to DO-BOD-Algae 
Models for a Freshwater Stream 
(Beck, 1974)  
T h i s  r e p o r t  a m p l i f i e s  t h e  ML e s t i m a t i o n  r e s u l t s  o f  p a p e r  4; 
a  summary o f  t h e s e  r e s u l t s  i s  g i v e n  i n  Appendix 5 o f  t h e  p r e s e n t  
r e p o r t  f o r  compar i son  w i t h  t h e  e q u i v a l e n t  I n s t r u m e n t a l  V a r i a b l e  
( I V )  --Approximate Maximum L i k e l i h o o d  (AML) p a r a m e t e r  e s t i m a t e s .  
6. Random Signal Analysis in an Environmental Sciences Problem 
(Beck,  1978b)  
T h i s  and  t h e  f o l l o w i n g  p a p e r  a r e ,  t o  some e x t e n t ,  more 
c o n c e r n e d  w i t h  t h e  s u b j e c t s  o f  mode l ing ,  sys tem i d e n t i f i c a t i o n ,  
and  p a r a m e t e r  e s t i m a t i o n ,  t h a n  w i t h  t h e  s u b j e c t  o f  DO-BOD-algae 
i n t e r a c t i o n .  They t h u s  e x p l o i t  t h e  Cam-1972 mode l ing  e x e r c i s e  
a s  a  means f o r  making s t a t e m e n t s  on t h e s e  b r o a d e r  i s s u e s .  Paper  
6 e m p h a s i z e s  t h e  i n t e r p r e t a t i o n  o f  model ing--or  more s t r i c t l y  
s p e a k i n g ,  model s t r u c t u r e  i d e n t i f i c a t i o n - - a s  a  p r o c e d u r e  o f  
r e p e a t e d  h y p o t h e s i s  t e s t i n g  and d e c i s i o n m a k i n g .  I n  o t h e r  words ,  
any g i v e n  model is  a  working h y p o t h e s i s ,  t h e  v a l i d i t y  o f  which 
s h o u l d  i d e a l l y  be t e s t e d  a g a i n s t  e x p e r i m e n t a l  f i e l d  d a t a .  Having 
c a r r i e d  o u t  t h e  t e s t ,  t h e  s y s t e m s  a n a l y s t  i s  t h e n  r e q u i r e d  t o  
d e c i d e  w h e t h e r  t h e  h y p o t h e s i s  i s  a d e q u a t e ;  and i f  t h e  c u r r e n t  
h y p o t h e s i s  i s  i n a d e q u a t e ,  a c c o r d i n g  t o  t h e  c r i t e r i a  o f  t h e  a n a l y s t ,  
a  s u b s e q u e n t  h y p o t h e s i s  must b e  g e n e r a t e d  and a l s o  e v a l u a t e d  by 
r e f e r e n c e  t o  t h e  d a t a .  I n  t h e  l i g h t  of t h i s  i n t e r p r e t a t i o n  o f  
modeling, the paper reviews the complete conceptual process of 
deriving Model IV from the starting point of Model I. The paper 
does not enter into any detailed discussion of parameter esti- 
mation methods, nor does it attempt to formalize the notions of 
hypothesis testing and decisionmaking. 
7 .  Mode2 S t r u c t u r e  I d e n t i f i c a t i o n  f rom Exper imen taZ  Data 
(Beck 1978d) 
A theme clearly emerging from the above papers is that 
model structure identification is a problem central to success 
or failure in the modeling of complex, or poorly defined, systems. 
This paper defines the context of model structure identification 
within the subject of system identification and parameter esti- 
mation--a subject which also includes the topics of experimental 
design, model verification, and model validation. The paper 
places considerable importance on the role of the EKF algorithms 
(see also paper 3) in model structure identification; hence the 
paper presents a fairly detailed statement of how to apply the 
algorithms and how to interpret the results thereby obtained. 
The paper complements the work reported in papers 3 and 6. 
NOTES ON DIURNAL VARIATIONS, SEDIMENTATION, AND MODEL APPLICATIONS 
A consideration of these items has been kept separate because 
throughout the paper attention has been directed towards field 
data and models which do not deal with either diurnal variations 
or the sedimentation of particulate material from the sewage 
works effluent. 
Diurnal Variations 
Some brief remarks on the inclusion of these effects in the 
models are given in paper 2. The observed features in the data 
can be summarized as follows: 
- Distinct patterns of diurnal variations in the downstream 
DO concentration become established after day t30 and 
continue uninterrupted until the end of the experiment, 
except for the two days succeeding the thunderstorm; 
- Prior to day t30 diurnal variations in the (downstream) 
DO are indistinct with an amplitude of probably little 
more than t0.25 gm-3; 
- After day t30 the amplitude of the diurnal variations 
- 
- .  
rises on occasion to a maximum value of k2.00 gm-'; 
- At all times the diurnal variation in the upstream DO con- 
centration, where discernible, is significantly less than 
the variatons observed downstream. 
The phase of  t h e  downstream d i u r n a l  v a r i a t i o n s ,  o r  a l t e r n a -  
t i v e l y  t h e  t i m i n g  of  t h e i r  peak v a l u e s ,  shows c u r i o u s  changes  
o v e r  t h e  e x p e r i m e n t a l  p e r i o d  and pe r haps  t h e r e f o r e  d e s e r v e s  s p e c i a l  
ment ion.  F i g u r e  A3.1 shows a  p l o t  o f  t h e  approximate  i n t e r v a l s  
o f  t h e  exper iment  d u r i n g  which t h e  peak of  t h e  d i u r n a l  o s c i l l a -  
t i o n s  o c c u r r e d  a t  more o r  less t h e  same t i m e  i n  e ach  s u c c e s s i v e  
day.  The o n l y  e x p l a n a t i o n  o f f e r e d  f o r  F i g u r e  A3.1 i s  t h a t  t h e  
downstream d i s s o l v e d  oxygen c o n c e n t r a t i o n  r e f l e c t s  a  complex 
ba l a nc e  between t h e  phase  of  t h e  a l g a l  photosynthetic/respiratory 
c y c l e  and t h e  phase  of  d i u r n a l  v a r i a t i o n s  i n  BOD l o a d i n g s  imposed 
on t h e  s t r e a m  by t h e  sewage works d i s c h a r g e .  For  t h e  f i r s t  h a l f  
o f  t h e  expe r imen t ,  when t h e  r i v e r  f l o w - r a t e  is s t e a d i l y  d e c r e a s i n g ,  
t h e  phase  of  t h e  ( t r a n s p o r t e d )  BOD l o a d i n g s  a t  t h e  downstream 
boundary can  be  expec t ed  t o  change p r o p o r t i o n a t e l y .  Indeed ,  o v e r  
t h i s  i n i t i a l  p e r i o d  t h e  e f f e c t s  o f  a l g a e  a r e  n o t  dominant ,  whereas  
t h e  mean d e t e n t i o n  t i m e  of  t h e  r e a c h ,  c a l c u l a t e d  on t h e  b a s i s  o f  
mean v o l u m e t r i c  ho ldup  and t h e  s t r e am d i s c h a r g e s  o f  Appendix 1 ,  
i s  seen  t o  v a r y  from 0 . 9  days  t o  1 . 5  d a y s .  T h i s  i s  a  t o t a l  change 
of  0.6 days  (14 h o u r s )  i n  t h e  d e t e n t i o n  t i m e  of  t h e  r e a c h ,  which, 
assuming a  c o n s t a n t  phase  f o r  t h e  sewage d i s c h a r g e ,  s hou ld  e f f e c t  
a n  e q u i v a l e n t  change i n  t h e  phase  of  t h e  downstream DO d i u r n a l  
v a r i a t i o n s ,  a s  demons t ra ted  by F i g u r e  A3.1. For  t h e  second h a l f  
o f  t h e  exper iment  s t r e a m  d i s c h a r g e  i s  app r ox ima te ly  c o n s t a n t ,  
a p a r t  from t h e  t hunde r s to rm ,  and i n  any c a s e  t h e  e f f e c t s  o f  a l g a e  
a r e  e x pec t ed  t o  domina te ,  which i m p l i e s  t h a t  t h e  phase  of d i u r n a l  
o s c i l l a t i o n s  should  be roughly  c o n s t a n t .  
S e d i men ta t i on  
I n  o r d e r  t o  e v a l u a t e  a  model which p r e d i c t s  downstream v a r i -  
a t i o n s  on t h e  b a s i s  o f  t h e  sewage works e f f l u e n t  q u a l i t y ,  c e r t a i n  
s t r o n g  a s sumpt ions  have t o  be made conce r n ing  t h e  ups t ream DO and 
BOD c o n c e n t r a t i o n s  a t  t h e  e f f l u e n t  o u t f a l l .  These assumpt ions  
may n o t  be s o  s t r i n g e n t  i n  p r a c t i c e ,  however, because  t h e  e f f l u e n t  
BOD t e n d s  t o  domina te  upstream BOD c o n d i t i o n s ,  w h i l e  t h e  ups t ream 
w e i r  domina tes  t h e  DO c o n d i t i o n s  s u f f i c i e n t l y  f o r  t h e  v a l u e s  of u l  
t o  be s u b s t i t u t e d  f o r  t h e  p a t t e r n  of  s t r e a m  DO v a r i a t i o n s  a t  t h e  
e f f l u e n t  o u t f a l l .  Given such  a s s umpt ions ,  t h e  a n a l y s i s  r e v e a l s  
t h e  f o l l o w i n g  two s a l i e n t  f e a t u r e s :  
- Tha t  t h e  p r e d i c t e d  downstream BOD c o n c e n t r a t i o n s  cons id-  
e r a b l y  o v e r - e s t i m a t e  t h e  observed  c o n c e n t r a t i o n s  f o r  t h e  
p e r i o d  to + t13;  
- Tha t  i n  g e n e r a l  t h e  model g i v e s  h i g h e r  downstream BOD 
c o n c e n t r a t i o n s  t h a n  expec t ed .  
W e  have  a l r e a d y  a l l u d e d  t o  t h e  f i r s t  p o i n t  bo th  i n  s e c t i o n  
6  of  t h e  pape r  and i n  Appendix 1 ;  it i s  a  consequence n o t  s o  
much of  e r r o r  i n  t h e  model,  b u t  o f  e r r o r  i n  t h e  BOD measurements.  
I f  a  c o r r e c t i o n  f o r  t h e  second p o i n t  i s  hypo the s i zed  a s  an  
i n c r e a s e d  r a t e  c o n s t a n t  f o r  BOD decay ,  a 3 ,  such  a  c o r r e c t i o n  sub- 
s t a n t i a l l y  d e g r a d e s  t h e  performance of t h e  model i n  i t s  p r e d i c t i o n s  
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Figurc A3.1.  Tinling ~ c a k  diurnal DO concentration, o n  a 24-hour clock basis. 
for variorrs periods of the experi~ncnt. 
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of the downstream DO levels. On the other hand, if the constant 
a3 is divided into two parts conceptually, that is ajl and aj2, 
say, where ajl (effectively the decay rate constant) fulfils the 
role of a3 in the DO equations of Models I through IV, and where 
aj2 enters the corresponding BOD equations as a term representing 
sedimentation, it is possible to improve the model's BOD perfor- 
mance without degrading its DO performance. Suitable values for 
- 1 
a31 and a12 are found to be 0.32 day and 0.16 day-' respectively, 
so that to all intents and purposes the degree of DO-BOD inter- 
action is preserved as for the models of the paper, except that 
a portion of the sewage works effluent BOD, presumably that portion 
attached to particulate matter, settles on to the river bed. 
Certainly the proposal that sedimentation is significant in the 
short stretch of river between the effluent and the upstream weir 
and not significant below the weir seems plausible. 
Model A p p l i c a t i o n  
I n  s e c t i o n  3.1  it i s  s t a t e d  t h a t  t h e  o r i g i n a l l y  i n t e n d e d  
a p p l i c a t i o n  o f  t h e  DO-BOD i n t e r a c t i o n  models was t o  be i n  t h e  
s y n t h e s i s  of  a u t o m a t i c ,  o n - l i n e  c o n t r o l  schemes f o r  t h e  day-to-  
day  main tenance  o f  s t r e a m  DO l e v e l s .  Thus, a p a r t  from t h e  more 
r e a l i s t i c  n a t u r e  o f  a  dynamic model a s  a  d e s c r i p t i o n  o f  a  system 
which i s  r a r e l y  a t  a  t r u e  s t e a d y  s t a t e ,  t h e  c h a r a c t e r  o f  t h e  
models p r e s e n t e d  i n  t h e  paper  is  aimed p r i m a r i l y  a t  o p e r a t i o n a l ,  
and  n o t  d e s i g n / p l a n n i n g ,  w a t e r  q u a l i t y  management and c o n t r o l .  
(Even s o ,  t h i s  d o e s  n o t  n e c e s s a r i l y  p r e c l u d e  t h e  u s e  o f  dynamic 
models  i n  t h e  p l a n n i n g  p h a s e s  of  r i v e r  b a s i n  management a s  demon- 
s t r a t e d  by Whitehead ( 1976) . ) 
There  a r e  a t  l e a s t  t h r e e  ways i n  which o n e  c a n  a t t e m p t  t o  
c o n t r o l  t h e  DO c o n c e n t r a t i o n  a t  some p o i n t  i n  t h e  r i v e r  sys tem 
downstream of  a n  e f f l u e n t  o u t f a l l .  The f i r s t  two o f  t h e s e  t h r e e  
ways view t h e  problem o f  DO c o n t r o l  a s  a  problem of  m a n i p u l a t i n g  
t h e  BOD l o a d i n g  p l a c e d  on t h e  r e c e i v i n g  r i v e r  by t h e  sewage d i s -  
c h a r g e  i n  o n e  o f  two ways: e i t h e r  one  r e g u l a t e s  t h e  d e g r e e  o f  
BOD removal  f rom t h e  raw sewage; o r  one  r e g u l a t e s  t h e  r a t e  o f  
t r e a t e d  sewage d i s c h a r g e  t o  t h e  stream by employing a  p o s t -  
t r e a t m e n t  d e t e n t i o n  l agoon .  S i m u l a t i o n  r e s u l t s  w i t h  Model I 
f o r  c a s e  (i) and w i t h  Model I1 f o r  c a s e  (ii) a p p l i e d  t o  t h e  
Cam-1 972 d a t a  a r e  r e p o r t e d  i n  Young and Beck (1 974) . C l e a r l y  
t h e r e  a r e  a  number o f  a s s u m p t i o n s  i m p l i c i t  i n  t h e s e  s t u d i e s  t h a t  
a r e  n o t  v a l i d  i n  p r a c t i c e .  Among t h e  most  i m p o r t a n t  t e c h n i c a l  
c o n s t r a i n t s  on  t h i s  k i n d  of  o p e r a t i o n a l  c o n t r o l  a r e :  t h a t  t h e  
d e g r e e  o f  BOD removed from sewage c a n n o t  be v a r i e d  a t  w i l l  f rom 
one  day  t o  t h e  n e x t ;  t h a t  t h e  r e q u i r e d  i n s t r u m e n t a t i o n ,  t e l e m e t r y /  
communicat ions  ne tworks  a r e  c o s t l y ,  o r  d o  n o t  e x i s t ;  and t h a t  
t h e r e  may n o t  b e  s u f f i c i e n t  l a n d  a v a i l a b l e  f o r  t h e  c o n s t r u c t i o n  
o f  a  l a r g e  p o s t - t r e a t m e n t  l agoon .  
The t h i r d  form of  DO c o n t r o l ,  namely a r t i f i c i a l  i n s t r e a m  
a e r a t i o n ,  i s  a t t r a c t i v e  f o r  t h e  v e r y  r e a s o n  t h a t  it seems more 
immedia te ly  p r a c t i c a b l e .  Whitehead ( 1 9 7 7 ) ,  f o r  example ,  d i s c u s s e s  
such an  o p e r a t i o n a l  c o n t r o l  scheme u s i n g  t h e  Cam-1972 d a t a  t o  
d e m o n s t r a t e  h i s  r e s u l t s .  H i s  model ,  however,  w h i l e  s i m i l a r  i n  
some s e n s e s  t o  Model 11, i s  y e t  s u b s t a n t i a l l y  d i f f e r e n t  f rom 
a l l  t h e  models  p r e s e n t e d  i n  t h e  t e x t ;  a  f u l l  r e p o r t  o f  W h i t e h e a d ' s  
dynamic model f o r  t h e  Cam can  b e  found i n  Young and Whitehead 
(1977) . 
Appendix 4 
A Method for Time-Variable Transportation Delay Simulation 
This Appendix describes a method of time-variable transporta- 
tion delay simulation proposed by Coggan and Noton (1970); in fact 
it is worth noting that Coggan and Noton incorporate this form of 
simulation in an application of the same Extended Kalman Filtering 
algorithms that are used for analysis of the Cam-1972 data (Beck 
and Young, 1976) . 
The essential concepts behind the simulation are that the 
transportation delay element of Figure 3b can itself be imagined 
as a combination of n say, fixed length (time-invariant) trans- 
a' 
portation delays and nb, say, CSTR's in series (see Figure A4.1). 
The purpose of the time-invariant transportation delay section 
is to simulate the m i n i m u m  expected transportation delay through 
the reach of river. (Recall that the term "transportation delay" 
denotes the time taken before any response is detected downstream 
as a consequence of any change in the upstream substance concentra- 
tion.) The purpose of the multiple CSTR's is to simulate "flexi- 
bility" in the total transportation delay, T (t) , as it varies 
between the minimum, T ~ ~ ~ ,  and maximum  -rmax, expected values for 
the given stretch of river. Precisely how the numbers of elements 
na and nb are chosen will be discussed below. 
Suppose that we have as input to the first discrete-time 
delay element a concentration of (conservative) substance, z(t), 
and that as output from the last CSTR element a concentration of 
that same substance, z(t - ~(t)), where ~ ( t )  is the time-variable 
transportation delay referred to in the main body of the paper. 
(Recall also that by Assumption 2 in section 3.1 it has been 
assumed that materials flowing through the transportation delay 
behave as conservative substances.) The simulation of the total 
transportation delay may then be represented by 
(A4. la) 
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"n + I  ( t )  = - 'na+l ( t ) / T ( t )  + zn ( t ) / T ( t )  
a  a  
ina+2  i t )  = - =na+2 ( t )  /T ( t )  + z ~ ~ + ~  ( t )  /T ( t )  
w i t h  
where z .  ( t . ) ,  i = 1 ,  2,  ..., na,  i s  t h e  o u t p u t  o f  t h e  i t h  d i s c r e t e -  
1 1  
t i m e  d e l a y  e l e m e n t  and z i ( t i ) ,  i = n  + 1 ,  n  + 2, ..., na + nb,  
a  a  
- 
i s  t h e  o u t p u t  of t h e  ( i  - n a ) t h  CSTR e l e m e n t .  The n o t a t i o n  o f  ti 
t o  r e p r e s e n t  d i s c r e t e - t i m e  i n s t a n t s  d raws  a  d i s t i n c t i o n  between 
t .  and t h e  d i s c r e t e - t i m e  n o t a t i o n  tk of t h e  p a p e r .  T h i s  i s  b e c a u s e  
3  
t h e  l e n g t h  o f  e a c h  t i m e - i n v a r i a n t  t r a n s p o r t a t i o n  d e l a y  e l e m e n t  i n  
t h e  above s i m u l a t i o n  of E q u a t i o n s  ( A 4 . l a ) ,  t h a t  i s ,  6 t  = ( t .  - t .  ) 3  3-1 
may o r  may n o t  be  e q u i v a l e n t  t o  t h e  sampl ing  i n t e r v a l  A t  = (tk - 
tk-l) of t h e  measured f i e l d  d a t a .  I n  o r d e r  t o  match t h e  s o l u t i o n s  
o f  E q u a t i o n s  ( A 4 .  l a )  a t  t h e  i n s t a n t s  t;, ~ q u a t i o n s  (A4. l b )  a r e  
J 
i n t e g r a t e d  o v e r  t h e  i n t e r v a l s  t .  + t .  Thus n o t e  how E q u a t i o n s  
3-1 I '  
(A4.1 a )  a r e  connec ted  t h r o u g h  zn t o  E q u a t i o n s  (A4.l  b )  ; o n e  would 
a  
t h e r e f o r e  e x p e c t  t h e  s u b s t i t u t i o n  o f  
z  ( t )  = z  ( t . )  f o r  t < t 2 t .  
3+1 - n  (A4.2) a  n  I a  j - 
Note f u r t h e r  t h a t  t h e  time c o n s t a n t  ( o r  mean r e s i d e n c e  t i m e )  f o r  
e a c h  CSTR e l e m e n t ,  T ( t ) ,  i s  t i m e  v a r y i n g ;  w i t h  r e s p e c t  t o  Models 
I1 and I11 of  t h e  t e x t ,  a  low-pass  f i l t e r  i s  t h e  same c o n c e p t  a s  
a  CSTR. The v a r i a b i l i t y  o f  T ( t )  i s  where t h e  n e c e s s a r y  f l e x i -  
b i l i t y  a p p e a r s  i n  t h e  s i m u l a t i o n ,  s i n c e  f o r  a  l o n g  t r a n s p o r t a t i o n  
d e l a y  T ( t )  s h o u l d  be  l a r g e ,  i . e .  g i v i n g  a  s low r e s p o n s e ,  and f o r  
a  s h o r t  t r a n s p o r t a t i o n  d e l a y  T ( t )  s h o u l d  be  v e r y  s m a l l ,  i . e .  
g i v i n g  a  f a s t  r e s p o n s e .  A s  w i t h  z ( t ) ,  f o r  c o m p u t a t i o n a l  p u r p o s e s ,  
"a 
T(t) = T(t.) I for t < t 5 tj+l . j - 
Looking at Equations (A4.1), there are several choices to 
be made in order to implement the simulation, and these concern 
the integration time-steps (t - ti-l); the number of elements 
na and nb; the specification of T ( t )  for the CSTR elements; and 
the computation of T (t). Bearing in mind the use of the overall 
DO-BOD interaction model to compare model predictions with obser- 
vations at time tk, it is sensible to choose the integration time 
step such that the sampling interval of the data is some integer 
multiple, d, of this time step 
Thus having defined 6t by the choice of d, na can be chosen as 
na = int pt [ ~ ~ ~ ~ / 6 t l  
in which int.pt [ . I  means the integer part of the ratio between 
the minimum expected transportation delay, T ~ ~ ~ ,  and the inte- 
gration time step. Similarly, nb can be chosen accoralng to 
(Coggan and Noton, 1970), 
nb = int pt [ o .  5 ( ~ ~ ~ ~ / 6 t  - na) 1 + 1 - int pt tna6t/Tmax1 
(A4.6) 
where T~~~ is the expected maximum transportation delay in the 
reach of river. The time constant of the CSTR elements is calcu- 
lated on the basis of 
subject to the condition that 
which e n s u r e s  s t a b i l i t y  o f  t h e  s i m u l a t i o n ,  i . e .  T ( t )  > 0  f o r  
a l l  t. F i n a l l y ,  a  s i m p l e ,  b u t  h e u r i s t i c  means o f  comput ing 
~ ( t )  i s  
Olmin - O l  (t)  
r (t)  = Tmin  + ( o ~ ~ ~ ~ )  ('max - 'min ) (A4.9) Olmin - 
i n  which O l m i n  
and Olmax a r e  t h e  s t r e a m  d i s c h a r g e s  c o r r e s p o n d i n g  
t o  minimum and maximum v a l u e s  o f  t h e  t r a n s p o r t a t i o n  d e l a y ,  
'min 
and T~~~ r e s p e c t i v e l y ,  and  where  r ( t )  i s  t o  be  a lways  s m a l l e r  
t h a n  t h e  mean r e s i d e n c e  t i m e  o f  t h e  r e a c h ,  i . e .  
An Example S i m u l a t i o n  f o r  t h e  Case S t u d y  
5  3 From t h e  d a t a  o f  Appendix 1  and f o r  a  v a l u e  o f  1  .51 x 10 m 
f o r  t h e  v o l u m e t r i c  ho ldup  o f  w a t e r  i n  t h e  r e a c h ,  we have :  
Minimum mean r e s i d e n c e  t i m e  = 0.66 d a y  f o r  O l m i n  = 2.28 x 
5  3 10 m day- '  ; 
Maximum mean r e s i d e n c e  t i m e  = 1.74 d a y  f o r  O l m a x  = 0.87 x 
1  05m3dav-I . 
I f  w e  choose  T~~~ = 0.55 day  and  rmax = 1 .5  d a y ,  and d  = 2  i n  
E q u a t i o n  (A4.4) , t h e n  
6 t  =0.5 day  
and  by E q u a t i o n  (A4 .5) ,  na = 1 .  S u b s t i t u t i n g  f o r  t h e s e  f i g u r e s  
i n  E q u a t i o n  (A4.6) g i v e s  nb = 2. 
S i n c e  b o t h  t h e  u p s t r e a m  DO and BOD c o n c e n t r a t i o n s  must  b e  
m o d i f i e d  by a  t r a n s p o r t a t i o n  d e l a y  s i m u l a t i o n ,  we have f o r  Model 
I o f  t h e  p a p e r  t h e  f o l l o w i n g  c o m b i n a t i o n  o f  E q u a t i o n  ( 1 4 )  and 
E q u a t i o n s  (A4.1) , 
41 ( t )  = (01  ( t )  / a l  z 3  ( t )  - (01  ( t )  / a l )  x l  ( t )  + a 2  ( 0 3  (t) 
x2 (t) = (01 (t)/al )z6 (t) - (01 (t) /al )x2 (t) - a3x2 (t) + a5 (t) 
(A4.llb) 
(A4. I ld) 
The differential-difference Equations (A4.11) are solved by 
integration over the interval t. + tj+l with the substitutions 
I 
u(t.1 = y(tk) for tk 5 tj 2 tk+l 
- I 
O(t) = g(tk) for tk 5 t 5 tk+l 
in line with the 
It might in this 
interpolation for 
interpolation scheme used elsewhere in the paper. 
instance be more appropriate to make a linear 
, - u (t . ) and g(t) . In Equations (A4.11) , Equation 
I] 
(A4.11~) denotes the transportation delay simulation for upstream 
DO concentrations, and Equation (A4.lld) the same for upstream 
BOD concentrations. 
Appendix 5 
One-Step-Ahead P r e d i c t i o n  E r r o r s  and Some Paramete r  
E s t i m a t i o n  R e s u l t s  
T h i s  Appendix d e a l s  f i r s t  w i t h  t h e  problem of  d e f i n i n g  one- 
s tep-ahead  p r e d i c t i o n  e r r o r s  f o r  t h e  b l a c k  box model ,  E q u a t i o n s  
( 6 )  and ( 7 ) .  Upon s u b s t i t u t i n g  f o r  
from E q u a t i o n  ( 7 )  i n  t h e  r i g h t - h a n d  s i d e  of Equa t ion  ( 6 )  w e  o b t a i n  
Now suppose t h a t  i n  g e n e r a l  t h e  lumped, c o l o r e d  n o i s e  
sequence  v ( t k )  can  b e  modeled a s  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  of 
a  w h i t e  n o i s e  sequence  e  ( t k ) ,  s a y ,  
where t h e  a d d i t i o n a l  po lynomia l s  a r e  d e f i n e d  a s  
and where 
E t e ( t k ) }  = 0 and E { e ( t k ) e ( t . ) }  = 0 f o r  k  # j . (A5.5) 
I 
I n  Equa t ion  (A5.5) E C  .) is  t h e  e x p e c t a t i o n  o p e r a t o r .  The 
one-s tep-ahead  p r e d i c t i o n  ' 2 ' ( t k l t k - l )  i s  t h e n  d e f i n e d  a s  
in which A ( ~ - ' ) V ( ~ ~  1 t ) implies estimates of past values of 
v, i .e. v ( tk- 1 tk-2) , . . . , where 
and in which are included past values of the one-step-ahead pre- 
diction error defined by 
A comparison of Equation (A5.6) with Equation (11) shows 
clearly how the deterministic model predictions and the one-step- 
ahead predictions differ in their utilization of the measured 
output information y (tk) . The one-step-ahead prediction also 
includes a term that incorporates a function of the one-step- 
ahead prediction errors. In fact, recalling the definition of 
~(q-' ) in Equation (9) , Equations (As. 6) and (A5.7) define the 
one-step-ahead prediction P'(tkltk-l) at time tk to be a function 
of the measured output data and previous errors up to and includ- 
ing y (tk-l ) and E ' (tk-l 1 tk-2) . Application of the backward shift 
shift operator, Equation (8), to the one-step-ahead prediction 
- 1 errors gives q {E' (tk 1 tkel ) } = E (tk-l 1 tk-2) . Implicit in Equa- 
tion (A5.7) is the assumption that the best estimate of the noise 
sequence, V(tkltk-,), can be derived on the basis of the noise 
process model, Equation (A5.3), with ~ ' ( t ~ l t ~ - ~ )  substituted as 
an approximation of e(tk). Thus the one-step-ahead prediction 
error sequences for the black box models are dependent upon the 
way in which the noise processes are characterized in any given 
model (see below) . 
Table A5.1 gives, for completeness, a comparison of the 
identified noise model structures and parameter estimates and 
estimation errors in the black box models when Maximum Likelihood 
(ML) and Instrumental Variable-Approximate Maximum Likelihood 
(IV-AML) estimators are used. For ML estimation the noise process 
model of Equation (A5.4) is necessarily constrained as 
t h a t  i s ,  
and hence ,  f o r  example,  t h e  p a r a m e t e r  v a l u e  c l  E - a l  i s  i n s e r t e d  
where a p p r o p r i a t e  i n  T a b l e  A5.1. 
S i n c e  t h e  ML e s t i m a t i o n  r e s u l t s  of T a b l e  A5.1 a r e  based on 
- 3  
a m o d i f i e d  d a t a  p o i n t  u 2  (t57) = 6 . 5  (gm ) , it i s  p r o b a b l y  f o r  t h i s  
r e a s o n  a l o n e  t h a t  t h e  ML and IV-AML e s t i m a t e s  of  B Z 1  i n  Model V c  
- 
d i f f e r  s i g n i f i c a n t l y .  I n d e e d ,  g i v e n  t h e  r e l a t i v e l y  l a r g e  e s t i m a -  
t i o n  e r r o r  f o r  t h e  IV-AML e s t i m a t e  of  B 2 i ,  it i s  d e b a t a b l e  whe ther  
t h e  a s s o c i a t e d  t e r m  ~ ~ ( t ~ - ~ )  s h o u l d  b e  i n c l u d e d  i n  t h e  model s t r u c -  
t u r e .  I t  must b e  a d m i t t e d ,  however,  t h a t  t h e  method of  computing 
p a r a m e t e r  e s t i m a t i o n  e r r o r s  f o r  t h e  IV-AML e s t i m a t o r  is o n l y  
approx imate .  T a b l e  A5.1 i n d i c a t e s  one f u r t h e r  s i g n i f i c a n t  d i f f e r -  
e n c e  between t h e  IV-AML and ML r e s u l t s ,  a s  f o l l o w s .  F o r  t h e  ML 
Models Va and Vc t h e  e q u i v a l e n t  c o n t i n u o u s - t i m e  f i r s t - o r d e r  t i m e  
c o n s t a n t s  f o r  t h e  DO and BOD dynamics a r e  r e s p e c t i v e l y  2.98 d a y s  
and 3.49 d a y s ,  i . e .  c l o s e l y  s i m i l a r .  For  t h e  IV-AML Models Vb 
and Vc t h e  two t i m e  c o n s t a n t s  a r e  1 .93  d a y s  and 5.23 d a y s  r e s p e c -  
t i v e l y  f o r  t h e  DO and BOD. On t h e  assumpt ion  t h a t  t h e  s u n l i g h t  
c o n d i t i o n s ,  u 3 ( t k ) ,  a r e  p r o v i d i n g  t h e  p r imary  i n p u t  d i s t u r b a n c e s  
and t h a t  it i s  t h e  r e s p o n s e s  t o  t h i s  i n p u t ,  a s  opposed t o  t h e  
u p s t r e a m  DO o r  BOD c o n d i t i o n s ,  t h a t  t h e  models a r e  p r e f e r e n t i a l l y  
e s t i m a t i n g ,  t h e n  one  can  c o n c l u d e  t h a t  t h e  IV-AML e s t i m a t e d  models 
c o n f i r m  f i n d i n g s  r e p o r t e d  e l s e w h e r e  (Beck, 1975, 1978b) .  T h i s  
o b s e r v a t i o n ,  namely t h a t  t h e  downstream DO c o n c e n t r a t i o n  r e s p o n d s  
more q u i c k l y  t h a n  d o e s  t h e  downstream BOD c o n c e n t r a t i o n  t o  a  
change i n  s u n l i g h t  c o n d i t i o n s ,  i s  a n a l o g o u s  t o  i n t e r p r e t a t i o n s  
o f  t h e  r o l e  of  u3 (t) i n  Models I11 and I V .  However, one s h o u l d  
p e r h a p s  n o t  p l a c e  t o o  much emphasis  on t h i s  s o r t  o f  a p p r a i s a l  o f  
b l a c k  box model r e s u l t s  s i n c e  t h e y  may b e  no more meaningfu l  t h a n  
some s p u r i o u s  s t a t i s t i c a l  p r o p e r t y  o f  t h e  f i e l d  d a t a .  
Table A5.1. Comparison of ML and IV-AML estimation results 
for Models Va, Vb, and Vc. 
Model 
Va 
R e s i d u a l s  
S tanda rd  Dev ia t ion  
Vb 
R e s i d u a l s  
S tanda rd  Dev ia t ion  
vc 
R e s i d u a l s  





















0 '  
2 
IV-AML 
0.639 + 0.155 
0.229 + 0.120 
0.062 + 0.024 
0.051 + 0.027 
-0.644 + 0.036 
-0.139 + 0.036 
0.542 
0.596 + 0.123 
0.261 + 0.091 
0.060 + 0.018 
0.052 + 0.022 
-0.641 + 0.027 
0.524 
0.826 + 0.078 
0.054 + 0.056 
0.034 + 0.019 
0.057 + 0.021 
-0.311 + 0.035 




0.715 + 0.064 
0.174 + 0.050 
0.057 + 0.016 
0.044 + 0.017 
(-0.715 + 0.064) 
- 
0.554 
0.751 + 0.062 
0.102 + 0.042 
0.048 + 0.015 
0.060 + 0.020 
(-0.751 + 0.062) 
- 
-0.520 + 0.128 
0.627 
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